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We study Brewster's no-re°ection phenomena for isotropic and chiral metama-
terials. In naturally occurring media, the Brewster e®ect only exists for transverse-
magnetic waves and not for transverse-electric waves. This asymmetry results from
the assumption that the relative permeability is almost unity for higher frequencies,
such as microwaves and light waves. The assumption is quite reasonable because
for common materials, any kind of magnetic response is frozen in the high fre-
quency regions. However, the assumption must be reconsidered for metamaterials,
for which both the relative permittivity and permeability can be changed signi¯-
cantly from unity. In addition to permittivity and permeability, the chirality pa-
rameter and the non-reciprocity parameter can be controlled using metamaterials.
Therefore, it is necessary to investigate the no-re°ection conditions for generalized
media. The objectives of our study are to experimentally observe Brewster's e®ect
for transverse-electric waves in an isotropic metamaterial and to theoretically show
the explicit relation among the medium parameters for achieving non-re°ectivity in
a chiral metamaterial.
First, we derive the wavenumber and the wave impedance in isotropic and chiral
metamaterials. Properties of propagation, re°ection, refraction, and transmission of
electromagnetic waves are determined by these quantities that depend on medium
parameters. Although the medium parameters in metamaterials can have arbitrary
complex values, there are as yet no means by which to unambiguously calculate
the wavenumber and wave impedance in such metamaterials. We show a few kinds
of methods for determining the wavenumber and wave impedance in isotropic and
chiral metamaterials with complex medium parameters.
Then, we experimentally demonstrate Brewster's e®ect for transverse-electric
waves with metamaterials. The Brewster e®ect can be observed for transverse-
electric waves in media whose relative permeabilities do not equal unity. We design
an array of split-ring resonators as a magnetic metamaterial using a ¯nite-di®erence
time-domain method. The re°ection measurements are carried out in a 3-GHz
region and the disappearance of re°ected waves at a particular incident angle is
con¯rmed.
Finally, we derive the explicit relation among permittivity, permeability, and
chirality parameter of a chiral medium that satisfy the no-re°ection condition for a
planar interface between a vacuum and the chiral medium. We ¯nd that in general
chiral media, the no-re°ection condition is satis¯ed by elliptically polarized incident
waves for at most one particular angle of incidence. When the wave impedance and
the absolute value of the wavenumber in the chiral medium equal those in vacuum
for one of the circularly polarized waves, the corresponding circularly polarized wave
is transmitted to the medium without re°ection for all angles of incidence. This
is a qualitatively new mode of the no-re°ection phenomenon. The no-re°ection
e®ect for chiral nihility media is found to be observed for linearly polarized waves
at a particular incident angle, which resembles that for achiral media. We analyze
the no-re°ection e®ect for circularly polarized waves using a ¯nite-di®erence time-
domain method in detail. Also we propose a structure of an three-dimensional
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Interest continues to grow in controlling the propagation of electromagnetic
waves by utilizing periodically or randomly arranged arti¯cial structures made of
metal, dielectric, and other materials. When the size of the constituent structures
and the separation between the neighboring structures are much smaller than the
wavelength of the electromagnetic waves, the structure arrays behave as a continu-
ous medium for the electromagnetic waves. That is, macroscopic medium param-
eters such as e®ective permittivity and permeability can be de¯ned for the array.
The arti¯cial continuous medium is called a \metamaterial."
In the frequency region below the microwave frequency, the use of metallic struc-
tures as arti¯cial media has been studied since the late 1940's [1]. At ¯rst, only
control of the permittivity was studied and not that of the permeability. However,
in 1999, Pendry et al. [2] proposed methods for fabricating arti¯cial magnetic media,
namely, magnetic metamaterials, which were built from nonmagnetic conductors.
It was shown that not only can relative permeability be changed from unity but it
also can have a negative value. Although the relative permeabilities of naturally
occurring media are almost unity in such high frequency regions as microwave, ter-
ahertz, and optical regions, the restriction that the relative permeability is almost
unity can be removed using the metamaterial. Moreover, the magnetic metama-
terial enabled us to fabricate media with simultaneous negative permittivity and
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permeability, or negative refractive index media that were predicted by Veselago [3]
in 1967. In fact, Shelby et al. [4] made the ¯rst experimental veri¯cation of a nega-
tive refractive index metamaterial in the microwave region in 2001. This increased
researcher interest in metamaterials.
It was not possible to independently control the wavenumber and the wave
impedance in a medium until magnetic metamaterials were developed. The
wavenumber is related to the propagation and refraction of electromagnetic waves,
and the wave impedance is connected with the re°ection. Phenomena about elec-
tromagnetic waves are described by these two quantities. In dielectric media, both
of the wavenumber and wave impedance change with a change of the permittiv-
ity, and we cannot set these parameters independently. However, the wavenumber
and wave impedance can be changed independently in metamaterials because we
can control the permeability as well as the permittivity with metamaterials. By
utilizing the °exibility of the wavenumber and wave impedance in metamaterials,
such novel phenomena as a perfect lens (superlens) [5,6], a hyperlens [7,8], and an
invisibility cloak [9{11] have been proposed and veri¯ed experimentally.
1.2 Progress in study of metamaterials
The studies of metamaterials are carried out in wide frequency range from the
microwave region to the optical region because the idea of metamaterials is available
irrespective of frequency.1 Here, we describe some of the most famous studies of
metamaterials.
1.2.1 Negative refractive index media
The refractive index n is given by n =
p
"r¹r, where "r is the relative permittivity
and ¹r is the relative permeability. Veselago [3] suggested in 1967 that the refractive
index becomes negative when both the relative permittivity and permeability are
negative. However, there were no materials with simultaneous negative permittivity
1The idea of metamaterials is utilized not only for electromagnetic waves but also for acoustic
waves [12].

















Figure 1.1: (a) Array of metallic wires and (b) its relative permittivity. Real part
of the relative permittivity is negative below the e®ective plasma frequency !p.
and permeability, and experimental veri¯cations of negative refractive index were
not performed at that time.
Pendry et al. [13] proposed the method for fabricating arti¯cial media with a
desired negative permittivity in 1996. The arti¯cial medium is composed of an
array of metallic wires as shown in Fig. 1.1(a). It is well known that the relative





where !p is a plasma frequency, ° (¿ !p) represents a damping, and the time-
harmonic factor exp (¡i!t) is assumed.2 A typical value of the plasma frequency in
a metal is about the ultra-violet frequency. Equation (1.1) is plotted in Fig. 1.1(b).
The real part of the relative permittivity is negative below the plasma frequency.
The square of the plasma frequency is proportional to the density of free electrons
in the metal and is inversely proportional to the e®ective mass of the electron. The
density of the electrons in the array of metallic wires is less than that in the bulk
metal. In addition, the e®ective mass of the electron in the array is larger than that
in the bulk metal. Therefore, the e®ective plasma frequency in the array of metallic
wires becomes smaller than the plasma frequency in the bulk metal. This implies
that a desired negative permittivity can be obtained in the frequency region well
2We select exp (¡i!t) as the time-harmonic factor throughout this thesis.


















Figure 1.2: (a) Array of split-ring resonators and (b) its relative permeability. Real
part of the relative permeability is negative in a narrow frequency range just above
the resonance frequency !0.
below the plasma frequency in the bulk metal by controlling the e®ective plasma
frequency and the e®ective mass of the electron, or the radius and density of the
metallic wires.
Pendry et al. [2] also proposed the means by which to fabricate arti¯cial mag-
netic media. The arti¯cial structure is composed of an array of C-shaped double
metallic ring structures as shown in Fig. 1.2(a). The structure is called a split-ring
resonator (SRR). The SRR can be regarded as an inductor-capacitor (LC) series
resonant circuit. When a time-varying magnetic ¯eld whose frequency is near the
resonance frequency of the SRR goes through the ring, an electromotive force is
induced and a large circular current °ows in the SRR. This indicates that a large
magnetic moment is induced. Therefore, the relative permeability is signi¯cantly
changed from unity. Since the SRR behaves as an arti¯cial resonant magnetic atom,
the relative permeability of the SRR array is described by the Lorentz dispersion
relation:
¹r(!) = 1¡ F!
2
0
!2 + i°! ¡ !20
; (1.2)
where !0 is the resonance frequency, ° (¿ !0) represents the damping, and F is a
constant. Equation (1.2) is plotted in Fig. 1.2(b). One can see that the real part of
the relative permeability is negative in the limited frequency range just above the
resonance frequency.







Figure 1.3: (a) Fishnet structure, which is a combination of structures (b) and (c).
Structures (b) and (c) produce negative permittivity and permeability, respectively.
A negative refractive index metamaterial was ¯rst demonstrated by Shelby et
al. [4] in the microwave region. The metamaterial consisted of an array of metallic
wires and SRRs that was fabricated by printed circuit board technique. They
measured the refraction angle when an electromagnetic wave was incident on the
boundary between air and the metamaterial, and found that the refraction angle
became negative, namely, the negative refractive index metamaterial was achieved.
The negative refraction phenomenon has already been observed even in the in-
frared region [14]. The metamaterial used in the experiment was made of cascaded
¯shnet structures as shown in Fig. 1.3(a). The structure was composed of alternat-
ing layers of metal (silver) and dielectric (magnesium °uoride) that were milled by
focused ion beam. The ¯shnet structure is a combination of the structures shown
in Fig. 1.3(b) and 1.3(c) [15]. The former structure produces a negative permittiv-
ity and the latter produces a negative permeability. The negative refractivity was
con¯rmed through the measurement of the refraction angle.
1.2.2 Subwavelength imaging
It is commonly believed that the spot size of an electromagnetic wave focused
by a lens does not become smaller than about the wavelength. This limitation is
called the di®raction limit. The di®raction limit is explained simply as follows. We
assume that electromagnetic ¯elds are uniform in the y-direction and a line wave
source exists at (x; z) = (0; 0) as shown in Fig. 1.4(a). The electric ¯eld can be










Figure 1.4: Focusings of electromagnetic waves by (a) a conventional lens and (b)
a perfect lens. While the spot size is limited by the di®raction limit in the case of
(a), the spot size can be in¯nitesimal in the case of (b).






where kx and kz are the wavenumbers in the x- and z-directions, respectively. Sub-
stituting kz =
p




















k2x¡k20 z dkx: (1.4)
The second and third terms exponentially decay with increasing z, namely, these
terms represent evanescent wave components. Only the ¯rst term remains and the
electromagnetic ¯eld components having jkxj > k0 vanish in the far ¯eld region.
Therefore, the spot size cannot be smaller than about 2¼=k0 = ¸ even if the elec-
tromagnetic wave is focused by an in¯nitely large lens.
We consider the case where the lens is replaced with an in¯nite slab of a negative
refractive index medium with "r = ¡1, ¹r = ¡1, and thickness 2d as shown in
Fig. 1.4(b). From the point of view of ray optics, an electromagnetic wave radiated
from (x; z) = (0; 0) is found to converge to (x; z) = (0; 4d) as shown in Fig. 1.4(b).
This indicates that the slab of the negative refractive index medium acts as a
converging lens. From the viewpoint of wave optics, it follows that the electric ¯eld
1.2 Progress in study of metamaterials 7






































ikxx dkx = E(x; 0): (1.6)
The electric ¯eld distribution at z = 0 is the same as that at z = 4d. That is, the
electromagnetic wave can be focused to an in¯nitesimal point with the slab of the
medium having "r = ¡1 and ¹r = ¡1. The slab is called a \perfect lens [5]." The
evanescent waves are enhanced in the perfect lens and contribute to the resolution
of the image. Therefore, the spot size can be smaller than the di®raction limit.
Note that the evanescent waves transport no energy, namely, ampli¯cations of the
electromagnetic wave do not occur in the perfect lens.
Subwavelength imaging by a negative refractive index metamaterial is carried
out by Lagarkov et al. [6]. They observed superresolution of two wave sources
separated by the distance of ¸=6.
There exist re°ection and transmission losses in an actual negative refractive
index metamaterial, and therefore, subwavelength imaging by a perfect lens can be
achieved only in the near ¯eld region. On the other hand, it is proposed [7] and
experimentally veri¯ed [8] that subwavelength imaging can be achieved in the far
¯eld region by using a highly anisotropic medium, which is called a \hyperlens."
Liu et al. [8] fabricated a hyperlens in the ultra-violet region (¸ = 365 nm) and
achieved a resolution of 130 nm.
1.2.3 Transformation optics
Transformation optics [9,16] is a technique for controlling propagation of electro-
magnetic waves using the form invariance of Maxwell's equations under coordinate
transformations. One can control electromagnetic waves without unnecessary re-
°ection by the technique.
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Maxwell's equations for a monochromatic electromagnetic wave are given by
r£E = i![¹]H ; r£H = ¡i!["]E; (1.7)
where ! is an angular frequency of the electromagnetic wave, [¹] is a permeability
tensor, and ["] is a permittivity tensor. We consider the transformation described
as
x0 = x0(x); E0(x0) = (AT )¡1E(x); H 0(x0) = (AT )¡1H(x); (1.8)





and T stands for transposition. For the transformed ¯elds, the following equations
are satis¯ed [16]:









By comparing Eqs. (1.7) and (1.10), it is found that the in°uence of the transforma-
tion appears in the permittivity tensor and permeability tensor. This indicates that
the electromagnetic wave is bent in the manner represented by the Jacobi matrix A
without unnecessary re°ection by setting the permittivity and permeability tensors
as described in Eq. (1.11).
A great deal of attention has been focused on an invisibility cloak [9] as an
application of transformation optics. Let us suppose that a plane electromagnetic
wave propagates in vacuum from left to right as shown in Fig. 1.5(a). We consider
the coordinate transformation that compresses space from the cylindrical region
0 < r < b into the annular region a < r0 < b as shown in Fig. 1.5(b), where r and
r0 are the radial coordinates in the original and transformed systems, respectively.




r + a; µ0 = µ; z0 = z; (0 < r < b); (1.12)
3The coordinate transformation r0 = [(b¡a)=bn]rn+a (n > 0) is also possible in this case [17].




Figure 1.5: Propagations of electromagnetic waves in (a) vacuum and (b) trans-
formed system. In the transformed system, an arbitrary object contained in the
region r0 < a is invisible from external observers.
where µ and z (µ0 and z0) are the angular and vertical coordinates in the original
(transformed) system, respectively. Equation (1.12) leads to the permittivity and






























; (a < r0 < b); (1.13)
where "0 and ¹0 are the permittivity and permeability in vacuum, respectively.
The electromagnetic wave does not penetrate into the cylindrical region r0 < a and
the transmitted wave propagates as if it had passed through vacuum as shown in
Fig. 1.5(b) when the medium parameters are set as described in Eq. (1.13). That
is, an arbitrary object contained in the region r0 < a is concealed from external
observers. The annular region a < r0 < b is called a \invisibility cloak." The invis-
ibility cloak have been demonstrated experimentally in the microwave region [11].
As another cloaking device, a carpet cloak is studied [18]. The carpet cloak
hides a bump in a metallic mirror. Experimental veri¯cations of the carpet cloak
are performed in the microwave [19] and infrared [20,21] regions. It is theoretically
shown that transformation optics can also be applied to a beam divider [22] and
subwavelength imaging [23].
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Red  : TM waves
Blue : TE waves
Figure 1.6: Brewster's e®ect. The re°ectance for TM waves vanishes when the
incident angle is equal to Brewster's angle µB.
1.3 Objective and outline of this thesis
Although most research of metamaterials has concentrated on negative refractiv-
ity, subwavelength imaging, and transformation optics (especially invisibility cloak),
these phenomena are not all things that can be achieved using metamaterials. It
is possible to ¯nd out new applications by exploring other phenomena in metama-
terials. In this study, we focus on Brewster's no-re°ection e®ect in metamaterials.
Brewster's condition is one of the main features of the laws of re°ection and refrac-
tion of electromagnetic waves at a boundary between two distinct media [24]. A
schematic illustration of the Brewster e®ect is shown in Fig. 1.6. For a speci¯c inci-
dent angle, known as the Brewster angle, the re°ection wave vanishes. In naturally
occurring media, this phenomenon only exists for transverse-magnetic (TM) waves
(p waves) and not for transverse-electric (TE) waves (s waves). It is conveniently
applied in optical instruments. One can generate completely polarized light from
an unpolarized light source only with a glass plate. It can also be used to avoid the
re°ection losses at the surfaces of optical components. The Brewster window of the
discharge tube in gaseous lasers is a typical example.
As we described above, the Brewster e®ect in naturally occurring media only
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exists for TM waves and not for TE waves. This asymmetry results from the as-
sumption that the relative permeability ¹r is almost unity for higher frequencies,
such as microwaves and light waves. Each medium is characterized only by its
relative permittivity "r. The assumption is quite reasonable because for common
materials, any kind of magnetic response is frozen in high frequency regions. How-
ever, the assumption must be reconsidered for metamaterials, for which both "r and
¹r can be changed signi¯cantly from unity. It is not di±cult to ¯nd that Brewster's
e®ect arises for TE waves in a medium with "r = 1 and ¹r 6= 1, which is a dual
of normal dielectric materials, "r 6= 1 and ¹r = 1. Actually, Brewster's e®ect for
TE waves has been predicted [25{28]. Nevertheless, an experimental veri¯cation of
the TE Brewster e®ect has not been carried out due to the absence of appropriate
media.
In addition to permittivity and permeability, the chirality parameter and the
non-reciprocity parameter can be controlled using metamaterials. It is also possible
to control the anisotropy in electromagnetic responses. Therefore, the no-re°ection
condition for generalized media should be explored in order to develop novel de-
vices for re°ection control of electromagnetic waves. Brewster's condition has been
theoretically studied for anisotropic media [29{32], chiral media (bi-isotropic me-
dia) [33, 34], and bi-anisotropic media [35]. However, thus far, the explicit re-
lation among the medium parameters for achieving non-re°ectivity in chiral and
bi-anisotropic media have not been determined.
The objectives of our study are to experimentally observe Brewster's e®ect for
TE waves in a magnetic metamaterial and to theoretically show the explicit relation
among the medium parameters for achieving non-re°ectivity in a chiral metamate-
rial.
An outline of this thesis is as follows. In Chap. 2, we derive the wavenumber and
the wave impedance in isotropic and chiral metamaterials. The wavenumber and
wave impedance, which are related to propagation, re°ection, refraction, and trans-
mission of electromagnetic waves, depend on the medium parameters. Although
the medium parameters in metamaterials can have arbitrary complex values, the
method currently used for calculating the wavenumber and wave impedance can be
applied only when the medium is passive, or the imaginary parts of the medium
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parameters are not negative. We show that the wavenumber and wave impedance
in both passive and active metamaterials can be calculated by considering the di-
rection of the energy °ow of an electromagnetic wave. In Chap. 3, we describe an
experimental demonstration of Brewster's e®ect for TE waves in a magnetic meta-
material. It is shown that Brewster's condition is satis¯ed for TE waves and not
for TM waves in magnetic media. An array of SRRs is used for the experiment
of the TE Brewster e®ect as a magnetic metamaterial. We analyze the permittiv-
ity and permeability of the SRR array by theoretical, numerical, and experimental
methods and then make an experiment of observing Brewster's e®ect for TE waves
in the SRR array. In Chap. 4, we analyze the no-re°ection e®ect for chiral media.
The no-re°ection condition is derived from the vanishing eigenvalue condition of the
re°ection Jones matrix. We show that the analysis can be largely simpli¯ed by de-
composing the re°ection matrix into the unit and Pauli matrices. The no-re°ection
e®ect is found to be observed for elliptically polarized incident waves at a particular
angle of incidence for general chiral media. This is merely a natural extension of the
conventional Brewster's e®ect. When the wave impedance and the absolute value of
the wavenumber for one of the circularly polarized waves in the chiral medium equal
those in vacuum, the no-re°ection e®ect arises for the corresponding circularly po-
larized wave irrespective of the incident angle. This phenomenon is a qualitatively
new mode of the no-re°ection e®ect. We ¯nd that the no-re°ection e®ect for chiral
nihility media is observed for linearly polarized waves at a particular incident angle,
which resembles that for achiral media. We focus on the no-re°ection e®ect for cir-
cularly polarized waves and analyze it by a ¯nite-di®erence time-domain (FDTD)
method [36] in detail. Besides, we propose a structure of an isotropic chiral meta-
material that could be used to achieve the no-re°ection e®ects for elliptically and
circularly polarized waves. In Chap. 5, summary of this study and future prospects
are described.
Chapter 2
Fundamentals of propagation of
electromagnetic waves
Properties of propagation, re°ection, refraction, and transmission of electro-
magnetic waves are determined by the wavenumber and the wave impedance that
depend on medium parameters. In the conventional optics, it is usually assumed
that only the permittivity can be changed from the vacuum value. Based on this
assumption, the wavenumber and wave impedance are calculated and analyses of
various kinds of wave propagation are performed. However, the other medium pa-
rameters, also, can be changed from their vacuum values using metamaterials [37].
In addition, it is possible to control losses and gains of electromagnetic responses
in metamaterials [38{41]. That is, one could control all of the medium parameters
as complex values. When the medium parameters become complex values, there
are some cases where the conventional method for calculating the wavenumber and
wave impedance cannot be used. Thus, it is necessary to develop a derivation of the
wavenumber and wave impedance that is able to be applied to such metamaterials.
We derive the wavenumber and wave impedance in isotropic media with complex
values of the permittivity and permeability. A few kinds of methods are shown for
calculating the wavenumber and wave impedance. These parameters are determined
also for chiral media that have complex values of the permittivity, permeability,
and chirality parameter. In the calculations, we do not take the causality into
account. That is, we assume that the locations of the poles of the electromagnetic
13
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susceptibilities may be anywhere on a complex frequency plane.
2.1 Propagation in isotropic media
We analyze the wavenumber and wave impedance in isotropic media. First,
the wavenumber and wave impedance are derived by the conventional method and
a problem of the method is described. Then, a few methods are presented for
calculating the wavenumber and wave impedance in isotropic metamaterials having
complex medium parameters without any trouble.
2.1.1 Conventional derivation
In order to derive the wavenumber k and wave impedance Z in isotropic media,








For a monochromatic plane electromagnetic wave with time (t) and space (r) de-
pendence exp [¡i(!t¡ k ¢ r)], Eqs. (2.1) and (2.2) are reduced to
k £E = !B; (2.3)
k £H = ¡!D; (2.4)
respectively. Substituting constitutive equations:
D = "E; (2.5)
H = ¹¡1B; (2.6)
into Eqs. (2.3) and (2.4) and assuming that the prorogation direction of the elec-



























2.1 Propagation in isotropic media 15
This indicates that the electromagnetic ¯elds can be decomposed into two polariza-
tion components, which are (Ex; Hy) and (Ey; Hx) polarization components. From
Eq. (2.7), we have































where k0 and Z0 are the wavenumber and the wave impedance in a vacuum, respec-
tively. The square root function is a double-valued function. Thus, it is necessary
to choose the appropriate branches in order to calculate n and Zr. When both "r
and ¹r are real values, the following procedure is used to select the correct branches.
The branch of
p
¹r="r should be selected so that Zr > 0 is satis¯ed. If Zr < 0,
the absolute value of the re°ectivity at the boundary between a vacuum and the
medium becomes larger than unity [see Eqs. (3.11) and (3.13)]. This phenomenon
cannot occur in passive media.
The correct branch of
p
"r¹r can be determined by considering the relation
among E, H , k, and the Poynting vector: S = E £H . In the case of "r¹r < 0, n
becomes a purely imaginary number and electromagnetic waves do not propagate
in the medium. Thus, we have only to consider the two cases: both of the relative
permittivity and permeability are positive and negative. When "r > 0 and ¹r > 0,
one can ¯nd from Eqs. (2.3)-(2.6) that the vectors E, H , and k are right-handed
set and k is parallel to S as shown in Fig. 2.1(a). Therefore, the branch of
p
"r¹r
should be chosen so that n > 0. When "r < 0 and ¹r < 0, the vectors E, H , and
k are left-handed set and k is anti-parallel to S as shown in Fig. 2.1(b). Hence,
the branch of
p
"r¹r should be determined so that n < 0. From the relation among
E, H , and k, a medium with positive (negative) refractive index is often called a
right-handed (left-handed) medium [3].









Figure 2.1: Relations among E, H , k, and S for isotropic media having (a) n > 0
and (b) n < 0.
When the medium does not have gain, or Im ("r) ¸ 0 and Im (¹r) ¸ 0 are sat-





should be selected so that Re (Zr) > 0 and Im (n) ¸ 0 are satis¯ed. The reasons
are as follows. If Re (Zr) < 0, the absolute value of the re°ectivity at the boundary
between a vacuum and the medium becomes larger than unity [see Eqs. (3.11) and
(3.13)]. If Im (n) < 0, the amplitude of the electromagnetic wave is ampli¯ed as the
electromagnetic wave propagates in the medium. These phenomena cannot occur
in passive media.
When either or both of Im ("r) and Im (¹r) are negative, there is as yet no
means by which to determine the correct branch. Thus, the wavenumber and wave
impedance cannot be calculated unambiguously.
2.1.2 Choice of correct branch
The correct branch can be chosen from the facts that the wave impedance is
related to the direction of the energy °ow and that the refractive index is connected
with the relation between the directions of the energy °ow and the wavenumber.
We derive the relation between the wave impedance and the energy °ow. The
time-averaged Poynting vector, which governs the energy °ow of electromagnetic
2.1 Propagation in isotropic media 17
















where E and H are, respectively, the complex amplitudes of the vectors E and H ,
and the asterisk represents complex conjugation. Equation (2.13) shows that the
direction of the energy °ow is related to the real part of the wave impedance.
From Eq. (2.7), we obtain the following equations:




which represent the relation between the wavenumber and the energy °ow. In order
to calculate the wavenumber corresponding to the positive (negative) energy °ow,
we should choose the branch of Z so that Re (Z) > 0 [Re (Z) < 0] is satis¯ed and
substitute Z into Eq. (2.14). When the wave impedance is purely imaginary value,
the energy °ow vanishes in the medium, namely, electromagnetic waves cannot
penetrate the medium. Thus, it is nonsense to determine the wavenumber in the
case of Re (Z) = 0.
The refractive index is the ratio of the wavenumber of the electromagnetic wave
propagating in the medium to that in a vacuum in the case where the directions of














Here the condition Re (Zr) > 0 is satis¯ed because Z0 is a real value and the
directions of the energy °ows of these two waves are the same, or Re (Z) Re (Z0) > 0.
This indicates that the refractive index can be calculated from Eqs. (2.15) and (2.16)
without ambiguity.
2.1.3 Derivation from diagonalized Maxwell's equation
The wavenumber and wave impedance can be derived also from diagonalized
Maxwell's equation. One can understand the relation among the electromagnetic
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¯elds, wavenumber, and wave impedance for each eigenmode more clearly by diag-
onalizing Maxwell's equation.





1 1 0 0
0 0 1 1
0 0 ¡Z¡1 Z¡1
Z¡1 ¡Z¡1 0 0
377775 ; U¡1 = 1p2
266664
1 0 0 Z
1 0 0 ¡Z
0 1 ¡Z 0
0 1 Z 0
377775 : (2.17)





"Z + ¹Z¡1 "Z ¡ ¹Z¡1 0 0
¡"Z + ¹Z¡1 ¡"Z ¡ ¹Z¡1 0 0
0 0 "Z + ¹Z¡1 "Z ¡ ¹Z¡1





1 0 0 0
0 ¡1 0 0
0 0 1 0
0 0 0 ¡1
377775 = !¹Z¡1
266664
1 0 0 0
0 ¡1 0 0
0 0 1 0
0 0 0 ¡1
377775 ; (2.19)
where the relation "Z = ¹Z¡1 (Z2 = ¹=") is used. From the above equations and









1 0 0 0
0 ¡1 0 0
0 0 1 0










1 0 0 0
0 ¡1 0 0
0 0 1 0








The ¯rst and second (third and fourth) rows of Eqs. (2.20) and (2.21) correspond
to the x-polarized (y-polarized) electromagnetic waves. Assuming that the real
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part of the wave impedance is positive, the directions of the energy °ows of the
electromagnetic waves represented by the ¯rst and third (second and fourth) rows
are the positive (negative) z-direction. The wavenumbers for the eigenmodes whose
energy °ows are directed to the positive (negative) z-direction are given by k =
!"Z = !¹Z¡1 (k = ¡!"Z = ¡!¹Z¡1). This result is consistent with Sec. 2.1.2.
Even if we assume Re (Z) < 0, we can obtain the same result by regarding ¡Z as
the wave impedance.
The above discussion demonstrates that there is no loss of generality in suppos-
ing Re (Z) > 0. Therefore, we choose the branch of Z so that Re (Z) > 0 is satis¯ed
from now on.
2.1.4 Formulae for calculating refractive index
The refractive index can be calculated from Eqs. (2.15) and (2.16), while these
equations seem to be di®erent from the familiar expression, Eq. (2.10). That is, the
normalized wave impedance appears in Eqs. (2.15) and (2.16); however, it does not
appear in Eq. (2.10). We consider the formulae for calculating the correct refractive
index from Eq. (2.10) by setting calculation rules.
The calculation rules are as follows:
1. The absolute value and argument of square root of a complex number ® =
j®j exp (iµ®) are
pj®j (> 0) and µ®=2, respectively.
2. The arguments µ" and µ¹ of the relative permittivity and permeability are set
so that jµ¹ ¡ µ"j < ¼ is satis¯ed.
Rule 1 is introduced for making a square root function a single-valued function.
Rule 2 corresponds to Re (Zr) > 0.
We show that the correct refractive index can be calculated by using these rules.
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which naturally satis¯es Re (Zr) > 0. Substituting Eq. (2.23) into Eqs. (2.15) and
(2.16), we obtain


























Equation (2.27) agrees with Eq. (2.25). This implies that we can obtain the correct
refractive index from n =
p
"r¹r by setting the above calculation rules.
2.1.5 Relation among permittivity, permeability, refractive
index, and wave impedance on a complex plane
We consider the relation among the permittivity, permeability, refractive index,
and wave impedance on a complex plane and describe how to determine the correct
branch of the refractive index from the relation.
From Eqs. (2.23) and (2.27), the arguments µn and µZ of the refractive index









which are reduced to
µ¹ ¡ µn = µn ¡ µ" = µZ : (2.30)
The absolute values of µ¹ ¡ µn and µn ¡ µ" are acute angles because the absolute
value of µZ is acute angle. Based on this fact, the argument of the refractive index
can be determined. Figure 2.2 shows the relation among "r, ¹r, n, and Zr on a
complex plane.
















Figure 2.2: Relations among relative permittivity "r, relative permeability ¹r, re-
fractive index n, and normalized wave impedance Zr on a complex plane when the
imaginary part of normalized wave impedance is (a) positive (µZ > 0) and (b) neg-
ative (µZ < 0). The angles represented by the three arrows in each ¯gure are equal
to each other.
2.2 Propagation in chiral media
We derive the wavenumber and wave impedance in chiral media having com-
plex medium parameters. By using a similar procedure to Sec. 2.1.3, we show the
relation among the electromagnetic ¯elds, wavenumber, and wave impedance for
each eigenmode without ambiguity. We consider the correspondence of the wave
propagation in chiral media to that in isotropic media.
2.2.1 Wavenumber and wave impedance
The constitutive equations for chiral media have several types of expressions.
The Post and Tellegen representations are mainly used as the constitutive equations.
The Post representation is written as
D = "PE ¡ i»PB; (2.31)
H = ¹¡1P B ¡ i»PE; (2.32)
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and the Tellegen representation is written as
D = "TE ¡ i·TH ; (2.33)
B = ¹TH + i·TE; (2.34)
where "P,T is the permittivity, ¹P,T is the permeability, and »p and ·T are the
chirality parameters. The subscript P (T) stands for the Post (Tellegen) represen-
tation. These representations are equivalent and interchangeable with the following
transformation (see Appendix A):
"T = "P + ¹P»
2
P; ¹T = ¹P; ·T = ¹P»P: (2.35)
In this thesis, we consistently use the Post representation and omit the subscript P
for simplicity.
















0 i¹» 0 ¹
¡i¹» 0 ¡¹ 0
0 ¡("+ ¹»2) 0 i¹»








This equation has a nontrivial solution when the following condition is satis¯ed:¯¯¯¯
¯¯¯¯
¯¯
k ¡i!¹» 0 !¹
i!¹» k !¹ 0
0 !("+ ¹»2) k ¡i!¹»
¡!("+ ¹»2) 0 i!¹» k
¯¯¯¯
¯¯¯¯
¯¯ = 0: (2.37)
From this equation, we have the wavenumber:
k = §!(
p
"¹+ ¹2»2 + ¹»); §!(
p
"¹+ ¹2»2 ¡ ¹»): (2.38)
After substitution of the derived wavenumber into Eq. (2.36), the relation among the
wavenumber and the electromagnetic ¯elds is obtained and summarized in Tab. 2.1.
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Table 2.1: Relation among wavenumber and electromagnetic ¯elds in chiral media.
Ratio of each electromagnetic ¯eld component to Ex is written for each eigenmode.
Here k§ = !(
p
"¹+ ¹2»2 § ¹») = ![(" + ¹»2)Zc § ¹»] and Zc =
p
¹=("+ ¹»2)
[Re (Zc) > 0].
k k+ ¡k+ k¡ ¡k¡
Ex 1 1 1 1








c ¡Z¡1c Z¡1c ¡Z¡1c
The eigenpolarizations in chiral media are found to be circularly polarized (CP)
waves because Ey=Ex = §i is satis¯ed.
Equations (2.38) and (2.39) contain double-valued square root functions. In






1 1 1 1




Z¡1c ¡Z¡1c Z¡1c ¡Z¡1c
377775 ; U¡1 = 12
266664
1 i ¡iZc Zc
1 ¡i ¡iZc ¡Zc
1 ¡i iZc Zc
1 i iZc ¡Zc
377775 ;
(2.40)
Eq. (2.36) is diagonalized as follows:
k
266664
Ex + iEy ¡ iZcHx + ZcHy
Ex ¡ iEy ¡ iZcHx ¡ ZcHy
Ex ¡ iEy + iZcHx + ZcHy










Ex + iEy ¡ iZcHx + ZcHy
Ex ¡ iEy ¡ iZcHx ¡ ZcHy
Ex ¡ iEy + iZcHx + ZcHy
Ex + iEy + iZcHx ¡ ZcHy
377775 ; (2.41)
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c = ¹=("+ ¹»
2)] and set
k§ = ![("+ ¹»2)Zc § ¹»]: (2.42)
As we described in Sec. 2.1, there is no loss of generality in supposing that the
real part of Zc is positive. The directions of the energy °ows of the eigenmodes
represented by the ¯rst and third (second and fourth) rows of Eq. (2.41) are found
to be the positive (negative) z-direction. Thus, k+ and k¡ (¡k+ and ¡k¡) are
the wavenumbers for the eigenmodes whose energy °ows are directed to the pos-
itive (negative) z-direction. The wavenumbers k+ and k¡ can be calculated from
Eq. (2.42) without ambiguity. We de¯ne the eigenmodes represented by the ¯rst and
second (third and fourth) rows as left circularly polarized (LCP) [right circularly
polarized (RCP)] waves.
2.2.2 Correspondence to wave propagation in isotropic me-
dia
We rewrite Eq. (2.36), which is Maxwell's equation for chiral media represented
by linear polarization bases, in circular polarization bases.
We set E§ = Ex § iEy and H§ = Hy ¨ iHx. Here Zc = E§=H§ is satis¯ed and
upper and lower signs respectively correspond to LCP and RCP waves. By using
E§ and H§ instead of Ex, Ey, Hx, and Hy, Eq. (2.36) is reduced to
kE§ = !(¹§ ¹»Zc)H§;
kH§ = !("+ ¹»2 § ¹»Z¡1c )E§:
)
(2.43)
Comparing Eq. (2.43) with Eq. (2.7), the wavenumber and wave impedance for LCP
and RCP waves are found to be equal to those in an isotropic medium having a
permittivity "§ = "+ ¹»2 § ¹»Z¡1c and a permeability ¹§ = ¹§ ¹»Zc.
2.3 Summary
We analyzed the propagation of electromagnetic waves in isotropic and chi-
ral media. A few kinds of methods were shown for calculating the wavenumber
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and wave impedance in metamaterials with complex medium parameters. The
wavenumber and wave impedance were determined unambiguously by considering
the relations between the direction of the energy °ow and the real part of the wave
impedance and between the wavenumber and the wave impedance. We clari¯ed the
relation among the electromagnetic ¯elds, wavenumber, and wave impedance for
each eigenmode from the diagonalized Maxwell equation.
The results can be utilized for controlling the propagation of electromagnetic
waves in isotropic and chiral metamaterials having losses and gains. The calcula-
tion methods can be expanded into generalized media having anisotropy and non-




Brewster's e®ect in metamaterials
It is generally believed that Brewster's condition exists only for TM waves and
not for TE waves. This asymmetry results from the assumption that "r 6= 1 and ¹r =
1 are satis¯ed for high-frequency electromagnetic ¯elds in naturally occurring media.
By considering the dual to Brewster's e®ect in naturally occurring media, it is found
that Brewster's condition is satis¯ed for TE waves and not for TM waves in media
with "r = 1 and ¹r 6= 1. Actually, Brewster's condition in isotropic media with
both electric and magnetic responses has been studied in the past literature [25{28].
Although Brewster's e®ect for TE waves has been predicted theoretically in these
studies, the experimental veri¯cation has not been performed due to the absence of
appropriate media. In this study, we demonstrate Brewster's e®ect for TE waves
in magnetic metamaterials [42].
First, we derive Brewster's condition for a boundary between a vacuum and an
isotropic medium. We show whether Brewster's condition exists for TM waves or
TE waves for given medium parameters, "r and ¹r. Then, we analyze a magnetic
metamaterial, namely, an array of SRRs. Theoretical, numerical, and experimen-
tal analyses of the metamaterial are carried out in order to examine whether the
medium parameters of the metamaterial satisfy Brewster's condition for TE waves.
Finally, we demonstrate the TE Brewster e®ect in the SRR array metamaterial.
27
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3.1 Brewster's condition for isotropic media
We calculate a re°ectivity of electromagnetic waves at a plane boundary between
a vacuum and an isotropic medium and derive Brewster's no-re°ection condition.
We show the relation between the medium parameters and the incident polarization
for which the Brewster condition is satis¯ed. The physical meaning of the Brewster
condition is clari¯ed by calculating radiations from an electric dipole moment and
a magnetic moment in the medium.
3.1.1 Re°ection and transmission for isotropic media
First, we derive the re°ection and transmission coe±cients at a boundary be-
tween a vacuum and an isotropic medium for TE waves. Let us assume that a
monochromatic plane electromagnetic wave is incident from the vacuum on the
isotropic medium as shown in Fig. 3.1(a). The electromagnetic ¯elds of the incident
(i), re°ected (r), and transmitted (t) waves are written as
Ei = Eiez exp [ik0(x cos µi ¡ y sin µi)]; (3.1)
H i = Hi(¡ cos µiey ¡ sin µiex) exp [ik0(x cos µi ¡ y sin µi)]; (3.2)
Er = Erez exp [ik0(¡x cos µr ¡ y sin µr)]; (3.3)
H r = Hr(cos µrey ¡ sin µrex) exp [ik0(¡x cos µr ¡ y sin µr)]; (3.4)
Et = Etez exp [ik(x cos µt ¡ y sin µt)]; (3.5)
H t = Ht(¡ cos µtey ¡ sin µtex) exp [ik(x cos µt ¡ y sin µt)]; (3.6)
where ex, ey, and ez are the unit vectors in the directions of the positive x-, y-,
and z-axes, respectively. The common time-harmonic factor exp (¡i!t) is omitted
for simplicity. The continuity of the tangential components of the electromagnetic
¯elds across the boundary is reduced to
Ei exp (¡ik0y sin µi) + Er exp (¡ik0y sin µr) = Et exp (¡iky sin µt); (3.7)
¡Hi cos µi exp (¡ik0y sin µi) +Hr cos µr exp (¡ik0y sin µr)
= ¡Ht cos µt exp (¡iky sin µt): (3.8)
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Figure 3.1: Relations among electric ¯eld, magnetic ¯eld, and wavenumber for (a)
TE waves and (b) TM waves.
In order to satisfy Eqs. (3.7) and (3.8) for arbitrary y, the conditions
k0 sin µi = k0 sin µr; (3.9)
k0 sin µi = k sin µt; (3.10)
must be satis¯ed. Equations (3.9) and (3.10) are known as the law of re°ection
(µi = µr) and Snell's law (sin µi = n sin µt), respectively. Substituting Eqs. (3.9)






Zr cos µi ¡ cos µt







Zr cos µi + cos µt
; (3.12)
where we use Z0 = Ei=Hi = Er=Hr, and ZrZ0 = Et=Ht.
Next, we show the re°ection coe±cient rTM and the transmission coe±cient tTM
for TM waves [see Fig. 3.1(b)]. With a similar procedure to the above discussion,






Z¡1r cos µi ¡ cos µt







Z¡1r cos µi + cos µt
: (3.14)
3.1.2 Derivation of Brewster's condition
Brewster's condition can be derived from the zero re°ection condition. We
consider whether Brewster's condition is satis¯ed for TE waves or TM waves and
calculate Brewster's angle µB for purely dielectric, purely magnetic, and general
isotropic media.
In case of purely dielectric media
To begin with, we derive Brewster's condition for purely dielectric media whose
relative permeability is unity. All of naturally occurring media in high frequency
region fall into this case.
After substitution of ¹r = 1 into Eqs. (3.11) and (3.13), we obtain
rTE = ¡sin (µi ¡ µt)
sin (µi + µt)
; (3.15)
rTM =
tan (µi ¡ µt)
tan (µi + µt)
; (3.16)
which are known as (a part of) the Fresnel equations. Brewster's condition for TE
and TM waves are derived from rTE = 0 and rTM = 0, respectively. Since µi does
not equal µt for oblique incidence, the numerators in Eqs. (3.15) and (3.16) cannot
vanish. However, rTM vanishes when tan (µi + µt) diverges to in¯nity, or µi + µt
equals ¼=2. Thus, Brewster's condition exists only for TM waves and not for TE
waves in purely dielectric media. From the condition µi + µr = ¼=2, one can ¯nd
that Brewster's angle satis¯es tan µB =
p
"r.
In case of purely magnetic media
Magnetic media can be fabricated in high frequency region with metamaterials;
therefore, it is necessary to eliminate the restriction of ¹r = 1. We derive Brewster's
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condition for purely magnetic media.
By substituting "r = 1 into Eqs. (3.11) and (3.13), we have
rTE =
tan (µi ¡ µt)
tan (µi + µt)
; (3.17)
rTM = ¡sin (µi ¡ µt)
sin (µi + µt)
: (3.18)
From these equations, one sees that Brewster's condition exists only for TE waves
and not for TM waves. Brewster's angle is given by tan µB =
p
¹r. The result is
natural because purely magnetic media are dual to purely dielectric media and TE
waves are dual to TM waves.
In case of general isotropic media
We now derive Brewster's condition for general isotropic media that respond
to both the electric and magnetic ¯elds of electromagnetic waves. We describe
the relation among the relative permittivity, relative permeability, and incident
polarization that satis¯es Brewster's condition and calculate Brewster's angle for
the given medium parameters.
Brewster's condition is derived from Eqs. (3.11) and (3.13). Using Snell's law,
Eqs. (3.11) and (3.13) are reduced to
rTE =
Zr cos µi ¡
p
1¡ n¡2 sin2 µi
Zr cos µi +
p
1¡ n¡2 sin2 µi
; (3.19)
rTM =
Z¡1r cos µi ¡
p
1¡ n¡2 sin2 µi
Z¡1r cos µi +
p
1¡ n¡2 sin2 µi
: (3.20)
If either "r or ¹r is negative, both Zr and n become purely imaginary numbers.
From Eqs. (3.19) and (3.20), jrTEj and jrTMj are found to equal unity independent
of the incident angle. Thus, total re°ection occurs for any incident angle and there
is no Brewster condition. This indicates that we have only to treat the cases that
both "r and ¹r are positive and negative. When 1 ¡ n¡2 sin2 µi is negative, jrTEj
and jrTMj become unity, namely, the incident wave is totally re°ected. It is not
necessary to take the case of 1¡ n¡2 sin2 µi < 0 into account in the analysis of the
no-re°ection condition.
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We examine whether rTE or rTM can vanish based on the re°ectivities at normal
incidence and the di®erentiations of the re°ectivities with respect to the incident
angle. From Eqs. (3.19) and (3.20), it follows that the re°ectivities at normal inci-
dence satisfy
rTE(µi = 0) > 0; rTM(µi = 0) < 0 when Zr > 1; (3.21)
rTE(µi = 0) < 0; rTM(µi = 0) > 0 when Zr < 1: (3.22)





¡2 ¡ 1) sin µi³
Zr cos µi +
p
1¡ n¡2 sin2 µi
´2p






¡2 ¡ 1) sin µi³
Z¡1r cos µi +
p
1¡ n¡2 sin2 µi
´2p
1¡ n¡2 sin2 µi
: (3.24)
The functions sin µi, cos µi, and
p
1¡ n¡2 sin2 µi give positive values for any incident












> 0 when jnj < 1: (3.26)
This implies that the amplitude re°ectivities rTE and rTM are monotonically in-
creasing or decreasing functions with respect to µi. From Eqs. (3.21), (3.22), (3.25),
and (3.26), we can understand that Brewster's e®ect arises for TE waves when
jnj > 1 and Zr > 1 and when jnj < 1 and Zr < 1. On the other hand, it occurs for
TM waves in the case of jnj > 1 and Zr < 1 and in the case of jnj < 1 and Zr > 1.
Converting the parameters (n; Zr) into the medium parameters ("r; ¹r), Brewster's
condition is found to be satis¯ed for TE waves (TM waves) in the shaded (unshaded)
region of the ("r; ¹r)-plane in Fig. 3.2.
When Zr = 1 and jnj 6= 1, both rTE and rTM vanish only for normal incidence.
That is, arbitrary polarized waves are not re°ected only for normal incidence in the
case of "r = ¹r 6= 1. If Zr 6= 1 and jnj = 1, conditions rTE(µi = 0) 6= 0, drTE=dµi = 0,
rTM(µi = 0) 6= 0, and drTM=dµi = 0 are satis¯ed, namely, the re°ectivities never




























Figure 3.2: Brewster's condition for media with relative permittivity "r and relative
permeability ¹r. Brewster's condition exists in the (a) ¯rst and (b) third quadrants
of the ("r; ¹r)-plane. Brewster's conditions for TE and TM waves exist in the shaded
and unshaded areas, respectively. All the lines except the bold solid line represent
the contour lines of the Brewster angles. The bold solid line and the bold dashed
line correspond to "r¹r = §1 and "r = ¹r, namely, n = §1 and Zr = 1, respectively.
vanish. Therefore, Brewster's condition does not exist for media with "r = ¹
¡1
r 6= 1.
When Zr = 1 and jnj = 1, the re°ectivities for TE and TM waves vanish for
all angles of incidence. Thus, arbitrary polarized waves are not re°ected for any
incident angle in the cases of ("r; ¹r) = (1; 1) and ("r; ¹r) = (¡1;¡1).
Brewster's angle is derived from Eqs. (3.19) and (3.20). By solving the no-
re°ection conditions, rTE = 0 and rTM = 0, we obtain the following equation:
0 · sin2 µB = ®
2 ¡ n2
®2 ¡ 1 · 1; (3.27)
where ® = ¹r for TE waves and ® = "r for TM waves. With this equation, the
Brewster angle can be determined for a given pair, ("r; ¹r). In Fig. 3.2, the Brewster
angles are plotted parametrically on the ("r; ¹r)-plane.
It is apparent that Brewster's e®ect arises only for TM waves in normal media
(¹r = 1). However, for a medium with ¹r 6= §1, the Brewster condition for TE
waves can be observed. For a given j¹rj ? 1, when 1=j¹rj 7 j"rj 7 j¹rj is satis¯ed,
there exists a Brewster angle for TE waves. In other words, the medium must







Figure 3.3: Geometry of coordinate system for an electric dipole moment (magnetic
moment). Red arrow represents the electric dipole moment (magnetic moment).
be more magnetic, rather than electric, in order to realize the Brewster condition
for TE waves. From this fact, Brewster's e®ect for TE waves is called \magnetic
Brewster's e®ect [27]."
3.1.3 Physical meaning of Brewster's condition
We discuss the physical meaning of Brewster's condition by analyzing the elec-
tromagnetic ¯elds radiated by the induced electric dipole moment and magnetic
moment in the medium.
In case of purely dielectric or purely magnetic media
First, we consider the physical meaning of Brewster's condition for purely di-
electric media. Let us de¯ne a spherical coordinate system (r; µ; Á) and assume
that an electric dipole moment p is located at the origin of the coordinate system
as shown in Fig. 3.3. In the far ¯eld region, the electric ¯eld Ep = (Epr; Epµ; EpÁ)
of the electromagnetic wave produced by the electric dipole moment is given by


















Figure 3.4: Physical meaning of Brewster's condition in purely dielectric media for
TM waves.
where the electromagnetic ¯eld is assumed to be radiated to a vacuum [43]. From
Eq. (3.28), one sees that the electric dipole moment cannot emit radiation in the
direction of the vibration, µ = 0; ¼. On the other hand, it is found from Eq. (3.16)
that the no-re°ection condition for TM waves in purely dielectric media is written
as µi + µt = ¼=2. The vibration direction of the induced electric dipole moment in
an isotropic dielectric medium is parallel to the electric ¯eld and perpendicular to
the wavenumber vector of the transmitted wave. Therefore, one can conclude that
the no-re°ection e®ect for TM waves arises when the wavenumber vector of the
re°ected wave coincides with the vibration direction of the electric dipole moment
induced by the transmitted wave as shown in Fig. 3.4.
Next, we examine the physical meaning for purely magnetic media. We assume
that a magnetic momentm is located at the origin of the spherical coordinate system
as shown in Fig. 3.3. The electric ¯eldEm = (Emr; Emµ; EmÁ) of the electromagnetic






in the far ¯eld region [43]. This equation shows that the magnetic moment cannot
radiate electromagnetic ¯elds in the direction of the vibration as in the case of
the electric dipole moment. Brewster's condition for TE waves is derived from
Eq. (3.17) and is written as µi + µt = ¼=2, which is the same equation as the TM
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Brewster condition for purely dielectric media. Hence, one can understand that the
TE Brewster condition for purely magnetic media is satis¯ed when the wavenumber
vector of the re°ected wave is parallel to the vibration direction of the magnetic
moment induced by the transmitted wave.
In case of general isotropic media
We look into the physical meaning of Brewster's condition for general isotropic
media [26]. It is necessary to take into account both the radiations from the induced
electric dipole moment and magnetic moment.
We suppose that the electric dipole moment p and the magnetic moment m in
the medium occupy the volume V . These values are expressed by the electric ¯eld
and magnetic ¯eld of the transmitted wave as the following equations:
p = PV = ("r ¡ 1)"0EtV; (3.30)
m =MV = (¹r ¡ 1)HtV; (3.31)
where P and M are the polarization and the magnetization in the medium, respec-
tively.
Let us de¯ne the electric ¯eld of the electromagnetic wave that is radiated by the
induced electric dipole moment (magnetic moment) in the direction parallel to the
re°ected waves as Ep (Em). We calculate the condition that satis¯es Ep + Em = 0
by using Eqs. (3.28)-(3.31).
When the incident wave is TE wave, Ep + Em = 0 is written as

















From the relation Et=Ht = ZrZ0 =
p
(¹r¹0)=("r"0), Eq. (3.32) is reduced to
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which is the same as Eq. (3.27). This implies that Brewster's e®ect for general
isotropic media arises as a result of the destructive interference between the elec-
tromagnetic waves produced by the induced electric dipole moment and magnetic
moment in the medium.
In the case of TM incidence, Ep + Em = 0 is written as






+ (µi + µt)
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This equation is also the same as Eq. (3.27).
3.2 Magnetic metamaterials
We showed in the previous section that there exists Brewster's condition for TE
waves in magnetic media. We now analyze properties of an array of SRRs [2] that
are one of the most common meta-atoms used to fabricate magnetic metamaterials,
and examine whether TE Brewster's e®ect can be observed for the SRR array
metamaterial. The characteristics of the SRR array metamaterial are evaluated by
theoretical, numerical, and experimental analyses.
3.2.1 Theoretical analysis of SRR
We consider an array of metallic rings as shown in Fig. 3.5(a). When a time-
varying magnetic ¯eld B = ¹0H that goes through the rings is applied, an electro-
motive force is induced and a circular current I °ows in each ring. Thus, magnetic
moments m are induced. If the size of the ring and the separation between neigh-
boring rings are much smaller than the wavelength of the electromagnetic wave, the
array of the rings behaves as an arti¯cial magnetic medium.
We calculate the e®ective relative permeability ¹r of the array of the rings. From
the equilibrium between the electromotive force induced by the applied magnetic
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(a) (b)





























Figure 3.6: Relative permeabilities of (a) array of metallic rings and (b) array of
metallic rings loaded with capacitors.
¯eld and the voltage drop in the ring, we have
i!¹0HS ¡ Z(!)I = 0; (3.37)
where Z(!) is the impedance in the ring, which is described by an input impedance
of a loop antenna [43], and S is the area surrounded by the ring. When the size of
the ring is much smaller than the wavelength, Z(!) is reduced to
Z(!) = R(!)¡ i!L; (3.38)
where R(!) [/ (r!)4, r is the radius of the ring] is the input resistance, or the
radiation resistance, and L is the input inductance of the loop antenna. Both the
parameters R and L are positive values. The magnetizationM in the array is given
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(a) (b)
Figure 3.7: Arrays of (a) ECSRRs and (b) BCSRRs.
by
M = Nm = NIS; (3.39)
where N is the number density of the ring. Substituting Eqs. (3.37) and (3.39) into
the relation ¹r = 1 + (M=H), the following equation is derived:








This equation is similar to the Debye dispersion relation. The real part of ¹r ranges
between 1 and 1¡ (¹0NS=L) as shown in Fig. 3.6(a).
In order to signi¯cantly change the relative permeability from unity, we should
utilize an array of rings loaded with capacitors C as shown in Fig. 3.5(b). The
impedance in the ring is written as
Z(!) = R(!)¡ i!L¡ 1
i!C
; (3.41)
After substitution of Eq. (3.41) into Eq. (3.40), we obtain
¹r = 1 +
i!¹0NS
2
R(!)¡ i!L¡ 1=(i!C) : (3.42)
This equation resembles the Lorentz dispersion equation. The real part of the
relative permeability signi¯cantly varies from unity and even becomes negative value
around the resonance frequency !0 = 1=
p
LC as shown in Fig. 3.6(b).
A capacitor-loaded ring can be fabricated by making a cut in the ring. When
the resonance frequency needs to be reduced for a ¯xed radius of the ring, we should




Figure 3.8: Geometry of SRR. Thickness of SRR is t.
increase the capacitance in the ring. There are several kinds of ring structures where
large capacitance can be obtained, for example, edge-coupled SRR [2] (ECSRR)
and broadside-coupled SRR [44] (BCSRR) shown in Fig. 3.7. The capacitance in
the BCSRR can be larger than that in the ECSRR. When we fabricate these SRR
structures for a ¯xed resonance frequency, the radius of the BCSRR can become
smaller than that of the ECSRR. That is, the radiation resistance of the BCSRR
can be smaller than that of the ECSRR. Thus, lower-loss magnetic metamaterials
are able to be realized by utilizing the BCSRRs rather than the ECSRRs. On the
other hand, it is more di±cult to fabricate the BCSRR than the ECSRR. We adopt
an array of the ECSRR as a magnetic metamaterial because of its easy-to-fabricate
structure. Hereafter, we simply refer to ECSRR as SRR.
It is convenient to have an analytical approximation for the resonance frequency
of the SRR. We calculate the inductance and capacitance in the SRR and derive
the resonance frequency.
Let us de¯ne the geometry of the SRR as shown in Fig. 3.8. First, we calculate
the inductance of the SRR. A high-frequency current °ows over a surface of a
conductor; therefore, the inductance of the SRR is nearly equal to the external
inductance of the two rings. The external inductance of the rings is given by the









where r À w; d is assumed. Second, we calculate the capacitance between the two
rings. When r À w; d is satis¯ed, the capacitance is approximated by that between
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I
I
Figure 3.9: Charge distribution in SRR when circular current °ows. Red (blue)
color represents positive (negative) charge.
L / 2 C’ / 2 L / 2 C’ / 2
iωµ0HS
Figure 3.10: Lumped circuit model of SRR. Radiation resistance and ohmic loss
are omitted for simplicity.
two linear conductors. The formulas for calculating the wiring capacitances are
introduced by Sakurai et al. [46]. From this formula, the capacitance between the
















Supposing that the SRR is fabricated on a substrate whose relative permittivity is






Finally, we determine the resonance frequency of the SRR. When the circular cur-
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rent °ows around the ring of the SRR, the charge is distributed as if the capacitance
between the two rings is divided in half as shown in Fig. 3.9. Therefore, it is found
that the lumped circuit model of the SRR is expressed as Fig. 3.10 and that the















3.2.2 Numerical analysis of SRR
The theoretical analysis of the SRR showed that the relative permeability can
be signi¯cantly changed from unity by utilizing the SRR array metamaterial. Brew-
ster's e®ect for TE waves arises for media where magnetic responses are larger than
electric responses. Therefore, it is necessary to examine the relative permittivity
of the SRR array as well as the relative permeability. We calculate the relative
permittivity and permeability of the SRR array using an FDTD method.
Simulated system
We analyzed an array of rectangular SRRs, as shown in Fig. 3.11(a), for the
purpose of simplicity in calculation. The SRR was supposed to be made of copper
whose conductivity was 5:8 £ 107 S=m. Figure 3.11(b) shows the unit cell of the
SRR array. Periodic boundary conditions were adopted in the x- and y-directions
to achieve two dimensional array of the SRRs. The SRR array was a monolayer
in the z-direction. A monochromatic plane electromagnetic wave (amplitude of the
electric ¯eld was 1:0V=m) was introduced into the SRR array. The space and time
step sizes were 0:4mm and 0:65 ps, respectively.
Method for calculating medium parameters
The relative permittivity and permeability of the SRR array can be calculated
by analyzing the electromagnetic ¯elds around the SRR [47].
First, we describe a way to determine the relative permittivity. Here, we cal-
culate only the x-component of the electric response because the direction of the
incident electric ¯eld is the x-direction. The relative permittivity can be ¯gured















Figure 3.11: (a) Geometry of the rectangular SRR. (b) Unit cell of the SRR array
used in the FDTD simulation.
from the charge distribution in the SRR. The charge in a volume surrounded by a




D ¢ dS; (3.47)
where dS is an area element directed outside the volume. The x-component of the





where V represents a volume that includes the single SRR, r = (x; y; z) is the
position vector whose origin is the center of the SRR. Supposing that the number
density of the SRR is N , the relative permittivity is given by







Here Px is the x-component of the polarization, Ex is the average electric ¯eld
in the x-direction, and the tilde represents the complex amplitude. The relative
permittivity of the SRR array can be determined by calculating the electric °ux
density around the SRR with the FDTD simulation and using Eqs. (3.47)-(3.49).
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Then we show how to calculate the relative permeability. We analyze only
the y-component of the magnetic response because the direction of the incident
magnetic ¯eld is the y-direction. The relative permeability is derived from the
current distribution in the SRR. The current that °ows through an area bounded




H ¢ dl; (3.50)
where dl is a line element of C. The y-component of the magnetic moment in the











where C 0 represents the ring of the SRR and ds is a line element of C 0. We have
the relative permeability from the following equation:







Here My is the y-component of the magnetization, and Hy is the average magnetic
¯eld in the y-direction. The relative permeability of the SRR array can be found by
calculating the magnetic ¯eld around the SRR with the FDTD analysis and using
Eqs. (3.50)-(3.52).
Results
Figure 3.12 shows the numerically calculated "r and ¹r of the SRR array as a
function of frequency f . The relative permittivity can be regarded as unity for any
frequency, and Re(¹r) and Im(¹r) can be approximated by the Lorentz dispersion
and absorption functions. The resonance frequency of the SRR array is found to be
10:0GHz. The SRR array behaves as a almost purely magnetic medium with ¯nite
losses near the resonance frequency.
Figure 3.13 shows the current distribution in the SRR as a function of time.
The currents Ix1, Ix2, Iz1, and Iz2 are de¯ned in Fig. 3.13(a). We show the currents
at 5:0GHz, 10:0GHz, and 15:0GHz in Figs. 3.13(b)-(d), respectively. At 10:0GHz,



























Figure 3.12: Complex relative permittivity "r and complex relative permeability ¹r
versus frequency for the SRR array.
which is the resonance frequency, the currents °ow in phase and the amplitudes of
the currents are larger than the other cases. At 5:0GHz and 15:0GHz, not only
are the amplitudes of the currents small, but the currents also °ow out of phase.
The current distributions, also, reveal that the SRR array metamaterial shows a
signi¯cant magnetic response at 10:0GHz.
We show snapshots of the charge distributions in the SRR in Fig. 3.14. Figure
3.14(b) that shows the charge distribution at 10:0GHz is similar to Fig. 3.9. This
indicates that the circular current °ows in the SRR at 10:0GHz. The charge dis-
tribution at 5:0GHz, which is di®erent from Fig. 3.9, shows that an electric dipole
moment in the x-direction is induced in the SRR; the SRR responds only to the
electric ¯eld and not to the magnetic ¯eld. One can see from the charge distribu-
tion that the circular current °ows also at 15:0GHz, while the charge density is
smaller than that in the case of 10:0GHz. This implies that the circular current at
15:0GHz is smaller than that in the case of 10:0GHz. The calculation results of
the charge distributions are consistent with those of the medium parameters and
current distributions.










































































Figure 3.13: Current distributions in the SRR. (a) De¯nition of each current. (b)-


































































Figure 3.14: Charge distributions in the SRR at (a) 5:0GHz, (b) 10:0GHz, and (c)
15:0GHz.
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Discussion
Resonance frequency The resonance frequency determined by the FDTD anal-
ysis is 10:0GHz. On the other hand, the resonance frequency calculated from
Eq. (3.46) is 11:7GHz. The former value is 14:5% smaller than the latter value.
We ¯nd that the LC circuit model is helpful in the estimation of the resonance
frequency.
Pseudo Brewster's angle The SRR array was found to be a magnetic medium
with ¹r 6= 1 and "r ' 1 near the resonance frequency. It seems that Brewster's
e®ect for TE waves can be observed for the SRR array near the resonance frequency.
However, although the SRR metamaterial has ¯nite losses, we have not considered
Brewster's e®ect for lossy media yet. Medium losses were not taken into account
in Sec. 3.1. We discuss Brewster's e®ect for lossy magnetic media with "r = 1 and
consider ease of observing Brewster's e®ect.
We suppose that "r equals unity and calculate re°ectivities for various ¹r from
Eq. (3.19). Figure 3.15(a) shows re°ectivities for TE waves when ¹r is equal to
1:5 + i0:01, 1:5 + i0:1, and 1:5 + i1:0. The di®erence among these three cases is
the imaginary part of ¹r, and the real parts of ¹r are the same values. The re°ec-
tivities do not vanish for any incident angle; however, they reach minimum values
at a particular incident angle.1 The incident angle for the minimum re°ectivity is
called the pseudo-Brewster angle [48,49]. Figure 3.15(a) clari¯es that the larger the
imaginary part, the larger the re°ectivity at the pseudo-Brewster angle.
Figure 3.15(b) shows re°ectivities for TE waves when ¹r equals 1:5 + i0:01 and
0:5 + i0:01. The di®erence between these two cases is the real part of ¹r. The
imaginary parts of ¹r are the same values. One can see that the minimum re°ectivity
in the former case is smaller than that in the latter case. Brewster's e®ect is related
to the ratio of the imaginary part of ¹r to the real part.
Based on the above discussion, we ¯nd that a signi¯cant depression in the power
re°ectivity can be detected around the pseudo-Brewster angle if the dispersive prop-
1This does not imply that the re°ectivity for lossy media never vanish. Note that we made
a assumption: "r = 1. The no-re°ection phenomena can be observed even for lossy media if the
medium parameters satisfy Eq. (3.27).
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Figure 3.15: Power re°ectivities for TE waves as a function of incident angle µi.
Re°ectivities are calculated for (a) ("r; ¹r) = (1; 1:5+ i0:01), (1; 1:5+ i0:1), (1; 1:5+
i1:0) and (b) ("r; ¹r) = (1; 0:5 + i0:01); (1; 1:5 + i0:01).
 















Figure 3.16: Ratio of the minimum power re°ectivity Rmin to the power re°ectivity
R0 for normal incidence versus frequency for the SRR array metamaterial.
erty of the SRR metamaterial dominates the dissipation. In order to estimate the
magnitude of the depression, we introduce the ratio of the minimum power re°ec-
tivity Rmin to the power re°ectivity for normal incidence, R0. The smaller the ratio
Rmin=R0, the more easily Brewster's e®ect can be observed in the experiments.
Figure 3.16 gives the frequency dependence of Rmin=R0 that is calculated from
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the results of the FDTD simulation shown in Fig. 3.12. The ratio Rmin=R0 reduces
in a narrow region just below the resonance frequency. The frequency width where
Rmin=R0 < 10
¡4 is satis¯ed is about 340MHz, which corresponds to the fractional
bandwidth of 4:1%. Brewster's e®ect for TE waves could easily be detected in that
narrow frequency region.
3.2.3 Measurement of admittance of single SRR
The FDTD simulation revealed that the SRR metamaterial behaves as a mag-
netic medium with "r ' 1 around the resonance frequency of the SRR and that the
TE Brewster e®ect could easily be observed in the narrow frequency region just be-
low the resonance frequency. Before the experiment of observing the TE Brewster
e®ect, it is necessary to develop a method for designing the SRR that has a desired
resonance frequency. That is, we need to experimentally examine the accuracy of
the LC circuit model given by Eq. (3.46). In this section, we determine the reso-
nance frequency by measuring the admittance of the single SRR and compare the
measured resonance frequency with the frequency calculated from Eq. (3.46).
Theory of admittance measurement
We describe how to measure the admittance of the single SRR at the microwave
frequencies.
Let us suppose that a load with impedance Z, which represents the single SRR,
is connected to the end of a transmission line (characteristic impedance: Z0) as
shown in Fig. 3.17. The voltage and current in the transmission line are written as
V (z) = Vie















Vieikl ¡ Vre¡iklZ0: (3.55)






Vi ¡ VrZ0: (3.56)










Figure 3.17: Transmission line ended with load Z.
From Eqs. (3.55) and (3.56), we obtain
Z =
Zin cos (2¼ftd) + iZ0 sin (2¼ftd)
Z0 cos (2¼ftd) + iZin sin (2¼ftd)
Z0; (3.57)
where td = (kl)=(2¼f) is an electrical delay of the transmission line with length l.
From this equation, one sees that the load admittance Y = 1=Z can be determined
by measuring the input impedance Zin and the electrical delay td.
The input impedance Zin can be found by a measurement of the re°ection coef-





This equation is reduced to
Zin =
1 + ¡
1¡ ¡ : (3.59)
The electrical delay td can be determined by measuring the input impedance of
the transmission line ended with short. The input impedance of this transmission
line is given by
Zs = ¡iZ0 tan (2¼ftd) = ¡iZ0 tan µd; (3.60)










Figure 3.18: Schematic diagram of the experimental setup for measuring the ad-
mittance of the single SRR. Coaxial cable is connected (a) to the outer ring and
(b) to the inner ring.
where
µd = 2¼ftd: (3.61)
Thus, one can calculate µd from a measurement of Zs. Since µd is directly propor-
tional to the frequency f , the electrical delay is determined from a slope of the µd-f
characteristic.
Measurement system
We used an admittance measurement system as shown in Fig. 3.18 to exam-
ine the resonance frequency of the single SRR. The following is the detail of the
experimental setup.
Coaxial cable A coaxial cable (RG223/U, Z0 = 50­) was used as the transmis-
sion line. We set the length of the transmission line at 2:0 cm. The one end of the
coaxial cable was connected to the transmitting port of the network analyzer and
the other end was connected to the SRR. The inner conductor of the coaxial cable
was soldered to the one end of the outer (inner) ring of the SRR and the outer
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Table 3.1: Structural parameters of the SRRs used in Sec. 3.2.3.
r=mm w=mm d=mm t=¹m
SRR 1 18.1 5.05 4.87 35
SRR 2 11.8 2.50 1.63 35
SRR 3 6.75 1.50 0.98 35
SRR 4 4.98 0.986 0.891 35
conductor was soldered to the other end by using a conductive tape as shown in
Fig. 3.18.
SRR The SRRs were fabricated by using printed circuit board technology. The
thicknesses of the copper layer and the FR-4 substrate (relative permittivity: 4.5)
of the printed circuit board were 35¹m and 1:6mm, respectively. We prepared four
types of SRRs. The structural parameters of the SRRs are shown in Tab. 3.1.
Network analyzer A network analyzer (Advantest, R3765BG) was used as the
microwave generator and detector. It can generate signals ranging from 300 kHz to
3:8GHz and enables us to measure both the complex re°ectivity and the complex
transmissivity.
Method
Calibration One-port full calibration was performed at the transmitting port of
the network analyzer in order to eliminate errors in the measurement [51]. BNC-
type short, open, and 50­ load standards were used for the calibration.
Measurement of electrical delay of transmission line We fabricated the
transmission line ended with short by soldering the inner conductor of the coaxial
cable to the outer conductor. We connected this transmission line to the transmit-
ting port of the network analyzer and measured the voltage re°ection coe±cient
at the transmitting port. The measured re°ection coe±cient was converted into























Figure 3.19: Frequency dependence of µd (red crosses). The green line is the ¯tted
line. The slope of the line corresponds to the electrical delay.
µd using Eqs. (3.59) and (3.60). The electrical delay of the transmission line was
determined from Eq. (3.61), or the frequency dependence of µd.
Measurement of admittance of single SRR We connected the transmission
line ended with the single SRR to the transmitting port of the network analyzer
and carried out a measurement of the re°ection coe±cient. The input impedance of
the transmission line was calculated from Eq. (3.59). The admittance of the single
SRR was determined from Eq. (3.57) using the obtained electrical delay and input
impedance.
Results
Electrical delay of transmission line The dependence of µd on the frequency f
is shown in Fig. 3.19 as red crosses. It is seen that µd varies linearly with f . Fitting
Eq. (3.61) to the measured µd-f characteristic, the electrical delay td is found to be
148:1 ps.
Admittance of single SRR Figures 3.20(a)-(c) respectively show the admit-
tances of SRRs 1-3 when the coaxial cables are connected to the outer rings of the



































































































































Figure 3.20: (a)-(d) Measured admittances of SRRs 1-4 when the coaxial cables are
connected to the outer rings of the SRRs and (e)-(f) those of SRRs 3-4 when the
coaxial cables are connected to the inner rings of the SRRs.
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SRRs. The real part of the admittance becomes maximal value and the imaginary
part vanishes at a certain non-zero frequency in each case. That is, the LC series
resonances of the SRRs are observed. The measured resonance frequencies [reso-
nance frequencies calculated from Eq. (3.46)] of SRRs 1-3 are 1.38GHz (0.674GHz),
1.90GHz (0.933GHz), and 2.78GHz (1.64GHz), respectively. The ratios of the
measured resonance frequencies to the calculated resonance frequencies are 2.05,
2.04, and 1.70, respectively. The di®erences between the measured and calculated
frequencies are quite large.
Figure 3.20(d) gives the admittance of SRR 4 in the case where the coaxial cable
is connected to the outer ring. The LC series resonance phenomenon do not appear
in the operating frequency region. The resonance frequency seems to be larger than
3:8GHz.
Figures 3.20(e) and 3.20(f) respectively show the admittances of SRRs 3 and
4 when the coaxial cables are connected to the inner rings of the SRRs. The
measured (calculated) resonance frequencies are 2:00GHz (1:64GHz) and 2:70GHz
(2:24GHz). The measured value is 22:0% (20:5%) larger than the calculated value
in the case of SRR 3 (SRR 4). The measured and calculated values are not so
di®erent from each other.
Discussion
The admittances of the single SRR when the coaxial cables are connected to
the outer ring and to the inner ring are di®erent from each other. The resonance
frequency of the later case is closer to the frequency calculated from the LC circuit
model, which is in good agreement with the FDTD analysis. The di®erence between
the measured resonance frequencies in the two cases is caused by the way to apply
the voltage to the SRR. The method for applying the voltage in this experiment
may not accurately realize the interaction between an electromagnetic wave and an
SRR array. However, it is experimentally con¯rmed at least that the LC circuit
model is useful for estimating the order of the resonance frequency.








Figure 3.21: Geometry of coordinate system used for analyzing electromagnetic
¯elds in rectangular waveguide. Dimension of the cross section of the waveguide is
a£ b.
3.2.4 Measurement of electromagnetic properties of SRR
array
We experimentally investigate characteristics of an SRR array in this section.
The SRR array are designed based on the LC circuit model, Eq. (3.46). Not only
the resonance frequency of the SRR array but also its relative permittivity and
permeability are evaluated by measuring the transmission spectrum of the SRR
array placed in a rectangular waveguide.
Theory for determining relative permittivity and permeability from scat-
tering parameters
The relative permittivity and permeability of the SRR array can be determined
from the transmission spectrum. First, the wavenumber and wave impedance in
a rectangular waveguide are analyzed, then the relations among the scattering pa-
rameters (S parameters), wavenumber, and wave impedance are calculated. Finally,
the method for estimating the relative permittivity and permeability is described.
Wavenumber and wave impedance in rectangular waveguide We derive
the wavenumber k in the longitudinal direction and the wave impedance Z for a
fundamental mode, the TE10 mode, in a rectangular waveguide.
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Let us de¯ne a orthogonal coordinate system for a rectangular waveguide as






; divD = 0; divB = 0: (3.62)
The constitutive equations of an anisotropic medium are given by
D = ["]E; B = [¹]H ; (3.63)
where ["] and [¹] are the permittivity tensor and permeability tensor, respectively.























Eq. (3.62) is reduced to
@Ez
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+ i¹zkHz = 0;
9>>>>>>>=>>>>>>>;
(3.66)
where a monochromatic plane wave exp [¡i(!t¡ kz)] is assumed.
When the electromagnetic ¯eld is TE mode, namely Ez = 0, the following











+ i¹zkHz = 0: (3.67)
One of the solutions of Eq. (3.67) is represented by
Hz = H0 cos (¯xx) cos (¯yy); (3.68)
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where H0 is a constant. The other components of the electromagnetic ¯elds can be
calculated from Eqs. (3.66) and (3.68) and written as
Hx = ¡H0 ik
!2"y¹x ¡ k2¯x sin (¯xx) cos (¯yy); (3.69)
Hy = ¡H0 ik
!2"x¹y ¡ k2¯y cos (¯xx) sin (¯yy); (3.70)
Ex = ¡H0 i!¹y
!2"x¹y ¡ k2¯y cos (¯xx) sin (¯yy); (3.71)
Ey = H0
i!¹x
!2"y¹x ¡ k2¯x sin (¯xx) cos (¯yy): (3.72)
Substituting Eq. (3.68) into Eq. (3.67), we have
¯2x
¹x




!2"x¹y ¡ k2 = ¹z: (3.73)
Considering the boundary conditions:
Ex(y = 0; b) = 0; (3.74)
Ey(x = 0; a) = 0; (3.75)









where m and n are non-negative integers. After substitution of Eqs. (3.76) and
(3.77) into Eq. (3.73), the wavenumber is obtained. The wave impedance is deter-
mined from the ratio of the electric ¯eld to the magnetic ¯eld. The wavenumber

















































Figure 3.22: Three-layer structure.
S parameters Assume that an in¯nite slab of medium 2 (wavenumber k2, wave
impedance Z2) is placed in medium 1 (wavenumber k1, wave impedance Z1) and
that a monochromatic plane electromagnetic wave comes from the left as shown
in Fig. 3.22. The incident, re°ected, and transmitted electromagnetic waves are
denoted by i, r, and t, respectively, in the ¯gure.
We calculate S parameters of the system. The de¯nitions of the S parameters,










The electric ¯elds in region 1, 2, and 3 are written as
E1 = E1ie
ik1ze¡i!t + E1re¡ik1ze¡i!t; (3.82)
E2 = E2ie
ik2ze¡i!t + E2re¡ik2ze¡i!t; (3.83)
E3 = E3te
ik1ze¡i!t; (3.84)
respectively. The boundary conditions at z = 0 and z = L are reduced to
E1i + E1r = E2i + E2r; (3.85)
1
Z1
(E1i ¡ E1r) = 1
Z2
(E2i ¡ E2r); (3.86)












respectively. Here relations Z1 = E1i=H1i = E1r=H1r = E3t=H3t and Z2 = E2i=H2i =
E2r=H2r are used. From Eqs. (3.85)-(3.88), the S parameters are calculated to be
S11 =
¡(Z21 ¡ Z22)(eik2L ¡ e¡ik2L)
(Z1 ¡ Z2)2eik2L ¡ (Z1 + Z2)2e¡ik2L ; (3.89)
S21 =
¡4Z1Z2
[(Z1 ¡ Z2)2eik2L ¡ (Z1 + Z2)2e¡ik2L]eik1L : (3.90)
Determination of "r and ¹r The medium parameters of medium 1 (relative
permittivity "r1, relative permeability ¹r1) are assumed to be known values and
that of medium 2 (relative permittivity "r2, relative permeability ¹r2) are unknown
values to be measured.
The values of "r2 and ¹r2 can be determined from Eqs. (3.78), (3.79), (3.89),
and (3.90) by measuring both the complex parameters S11 and S21 [52, 53]. This
method enables us to examine medium parameters of unknown materials, however,
the procedure of the measurement is a little bit complicated. It is necessary to
measure the phases as well as the magnitudes of the re°ected and transmitted
waves.
When the expressions of the functions "r2(f) and ¹r2(f) are known, "r2 and ¹r2
can be estimated from a measurement of the frequency dependence of either jS11j
or jS21j. Based on the result of the FDTD simulation shown in Sec. 3.2.2, it is
reasonable to make an assumption that "r2(f) and ¹r2(f) are represented by the
Lorentz functions,
"r2(f) = 1¡ Fe
f2 ¡ f20e + i°ef
; (3.91)
¹r2(f) = 1¡ Fm
f2 ¡ f20m + i°mf
; (3.92)
where f0e (f0m) is the resonance frequency of the electric (magnetic) response, °e
(°m) represents the loss in the electric (magnetic) response, and Fe and Fm are














Figure 3.23: Schematic diagram of the transmission measurement system.
constants. Although the relative permittivity of the SRR array is found to be
almost unity from the result of the FDTD simulation, we dare to assume that
"r2(f) is represented by the Lorentz function. By substituting Eqs. (3.91) and (3.92)
into Eq. (3.89) [Eq. (3.90)] and ¯tting jS11(f)j [jS21(f)j] to the measured re°ection
(transmission) spectrum, "r2(f) and ¹r2(f) can be evaluated. In this study, we
determine "r2(f) and ¹r2(f) from the transmission spectrum.
Measurement system
The schematic diagram of the measurement system is shown in Fig. 3.23. An
SRR array was placed in a rectangular waveguide. The SRRs were arranged so that
the SRR array responded only to the x-component of the magnetic ¯eld. Transmit-
ting and receiving ports of a network analyzer were connected to the waveguide by
coaxial cables (RG213/U). The detail of each component is described below.
Waveguide The dimension of the cross section of the rectangular waveguide was
(a; b) = (72:1mm; 34:0mm) (see Fig. 3.21). The frequency range in which only
the TE10 mode can propagate is from 2:08GHz to 4:16GHz. Coaxial-waveguide
transformers were connected to the both ends of the waveguide.
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Table 3.2: Geometrical parameters of the SRR arrays used in Sec. 3.2.4.
r=mm w=mm d=mm t=¹m L=cm N
SRR array 1 4.85 0.8 0.9 35 17.0 3£ 2£ 10
SRR array 2 4.1 0.3 0.45 35 17.0 3£ 2£ 13
SRR array 3 4.0 0.61 0.48 35 5.25 5£ 2£ 4
SRR array 4 4.0 0.61 0.48 35 10.5 5£ 2£ 8
SRR array Four kinds of SRR arrays were fabricated by using printed circuit
boards. The geometrical parameters of the fabricated SRR arrays are shown in
Tab. 3.2. Here L is the length of the SRR array in the z-direction and N represents
the numbers of SRRs in the x-, y-, and z-directions.
Network analyzer The same network analyzer as that used in Sec. 3.2.3 was
used as the microwave generator and detector.
Method
First, through calibration (normalization) was carried out in order to eliminate
errors in the measurement system [51]. A transmission characteristic of the empty
waveguide was measured and the measured response was regarded as a reference
value. Next, the SRR array was placed in the waveguide and the transmission
response was measured. The transmissivity of the SRR array was determined by
dividing the transmission response of the SRR array by that of the empty waveguide.
Experimental results
The transmission spectra of SRR arrays 1 and 2 are shown in Fig. 3.24 as green
crosses. There exists a dip in the transmission spectrum in each case. This indicates
that the resonances of the SRR array metamaterials are observed.
Figure 3.25 shows the transmission spectra of SRR arrays 3 and 4. The frequency
where the dip in the transmission spectrum is observed in the case of SRR array 3 is
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Figure 3.24: Transmission spectra of (a) SRR array 1 and (b) SRR array 2 (green























L = 5.25 cm
L = 10.5 cm
Figure 3.25: Transmission spectra of SRR array 3 (L = 5:25 cm) and SRR array 4
(L = 10:5 cm).
the same as that in the case of SRR array 4. This implies that the frequency where
the dip is observed does not depend on the length of the SRR array metamaterial.
Discussion
We estimated the relative permittivity and permeability of the SRR array from
the measured transmission spectrum. The values of k1 and Z1 were calculated by
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Figure 3.26: (a) Relative permittivity "r and relative permeability ¹r of SRR array
1 and (b) those of SRR array 2 versus frequency.
substituting "ry = 1 and ¹rx = ¹rz = 1 into Eqs. (3.78) and (3.79). Both "ry(f)
and ¹rx(f) of the SRR array were assumed to be given by the Lorentz functions,
Eqs. (3.91) and (3.92). Since the SRR array responded only to the x-component
of the magnetic ¯eld, ¹rz was set to unity. Substituting Eqs. (3.91), (3.92) and
¹rz = 1 into Eqs. (3.78) and (3.79), k2 and Z2 were obtained. The parameters
f0e, f0m, °e, °m, Fe, and Fm were ¯xed by ¯tting the theoretical transmissivity
jS21(f)j calculated from Eq. (3.90) to the measured transmission spectrum. The
¯tted transmission spectra of SRR arrays 1 and 2 are shown as the red curves in
Fig. 3.24. The theoretical and measured transmissivities are in good agreement.
The relative permittivity and permeability of SRR array 1 obtained by the ¯tting
are shown in Fig. 3.26(a). These values are written as
"ry(f) ' 1; (3.93)
¹rx(f) = 1¡ 0:368 (GHz)
2
f2 ¡ (2:38GHz)2 + i(0:0687GHz)f : (3.94)
The relative permittivity of SRR array 1 is almost unity and the relative permeabil-
ity is changed signi¯cantly from unity near the resonance frequency. The measured
resonance frequency, 2:38GHz, is 4:8% larger than the calculated resonance fre-
quency from Eq. (3.46), 2:27GHz.
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Figure 3.26(b) shows the obtained relative permittivity and permeability of SRR
array 2. These medium parameters are described by
"ry(f) ' 1; (3.95)
¹rx(f) = 1¡ 0:340 (GHz)
2
f2 ¡ (3:15GHz)2 + i(0:0843GHz)f : (3.96)
The relative permittivity is almost unity also in this case. The resonance frequency,
3:15GHz, is 31:3% larger than the calculated value, 2:27GHz.
The estimated relative permittivity and relative permeability of each SRR array
are consistent with the FDTD simulation in Sec. 3.2.2. This indicates that the
FDTD simulation is reliable and that it is experimentally con¯rmed that Brewster's
condition can be satis¯ed for TE waves in the SRR array metamaterial.
From the above results, the resonance frequency is found to be almost the same
as the frequency where the transmittance becomes minimum value. Based on this
fact, the resonance frequencies of SRR arrays 3 and 4 are determined to be 2:65GHz,
which is 2:3% larger than the value calculated from Eq. (3.46), 2.59GHz.
The measured and calculated resonance frequencies are in good agreement ex-
cept for the case of SRR array 2. Only in the case of SRR array 2, the geometrical
parameters of the SRR almost reach the lower limit of the condition where the er-
ror of the analytical approximation of the capacitance, Eq. (3.44), is small, namely
0:4 < 2w=d < 10 [46]. In the other cases, the di®erences between the measured and
calculated values are less than 5%. Thus, the LC lumped circuit model is useful
for the design of SRR array metamaterials as long as the approximation conditions
are well satis¯ed.
3.3 Observation of magnetic Brewster's e®ect
The analysis in Sec. 3.2 demonstrated that Brewster's e®ect for TE waves could
be easily observed just below the resonance frequency of the SRR array metamate-
rial. We now examine the re°ectivity of the SRR array for various incident angles
in order to make an experimental veri¯cation of TE Brewster's e®ect.
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If the (pseudo-)Brewster angle2 does not exist, the power re°ectivity increases
with the incident angle. However, if there exists the Brewster angle, the power
re°ectivity ¯rst decreases, and then increases with increasing the incident angle.
The power re°ectivity comes to minimum when the incident angle is equal to the
Brewster angle. Thus, the Brewster angle can be found by measuring the incident
angle dependence of the power re°ectivity.
3.3.1 Measurement system
We built experimental setups shown in Figs. 3.27 and 3.28. The former setup
was used to measure the transmittance for normal incidence of the SRR array.
From the transmission spectrum, the resonance frequency of the SRR array can be
determined. The latter one was used to measure the re°ectance of the SRR array
for various incident angles, or to examine whether TE Brewster's e®ect arises.
In these setups, two parallel aluminum plates formed a two-dimensional waveg-
uide [54]. Transmitting and receiving horn antennas and the SRR array were placed
in the waveguide. The horn antennas were connected to a network analyzer with
coaxial cables. The detail of each component is given in the following.
Waveguide
The two-dimensional waveguide consisted of two parallel aluminum plates sep-
arated by 38.0mm. The size of the aluminum plates was 1:0m £ 1:5m and the
thickness was 2:0mm.
In this waveguide, the electric ¯eld is perpendicular to the plates, and the elec-
tromagnetic ¯elds become uniform in the z-direction below 3:95GHz, which is de-
termined by the separation of the two aluminum plates. Thus, only TE waves can
be propagated. Note that the direction of the electric ¯eld does not change for the
change of the incident angle µ and ¯xed to the direction of the minimum electric
response of the SRR array [55,56].
2In this section, we refer to the pseudo-Brewster angle as the Brewster angle for simplicity.













Figure 3.27: Schematic diagram of the transmission measurement system.
Horn antenna
A horn antenna was used in order to generate a slowly diverging beam. We put
another horn antenna to receive the transmitted wave in the transmission measure-
ment. In the re°ection measurement, the receiving horn antenna was used to detect
the plane wave re°ected at the boundary between air and the SRR array. Only the
plane waves propagating normal to the antenna apertures can be coupled to the
horn antennas.
The horn antennas were made of brass plates whose thicknesses were 2:0mm.
The aperture size of the horn antennas was 15:0 cm£3:4 cm. The boundary between
the far ¯eld region (Fraunhofer region) and the near ¯eld region (Fresnel region)
for the electromagnetic wave whose frequency is less than 3:8GHz (the maximum
operating frequency of the network analyzer) is at most 28:5 cm away from the
aperture [57]. Therefore, we set the distance from the antennas to the interface
between air and the SRR array to 38:4 cm.
















Figure 3.28: Schematic diagram of the re°ection measurement system.
SRR
Similar to Sec. 3.2, SRRs were fabricated using printed circuit boards. The
geometrical parameters of the SRR were r = 4:0mm, w = 0:61mm, d = 0:48mm,
and t = 35¹m, which were the same parameters as those of SRR arrays 3 and 4
in Sec. 3.2. The calculated resonance frequency from Eq. (3.46) is 2:59GHz; this
corresponds to the wavelength in a vacuum, ¸0 = 11:6 cm.
SRR array
The unit cell size of the SRR array must be much smaller than ¸0; therefore,
the SRRs were arranged every 1:4 cm(= 0:12¸0) in the x- and y-directions and
1:3 cm(= 0:11¸0) in the z-direction. The direction of H varied in the xy-plane
because the re°ectance was measured for various incident angles. Hence, the SRRs
were arranged orthogonally to make the response of the SRR array isotropic.
The dimension of the SRR array was (W;D;H) = (135:0 cm; 45:0 cm; 3:8 cm) =
(11:6¸0; 3:9¸0; 0:33¸0) (see Figs. 3.27 and 3.28). The height H was determined by
the separation of the two aluminum plates that form the two-dimensional waveguide.
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The depth D was made su±ciently large so that the in°uence of the back side
re°ection can be avoided. The method to determine the width W is described in
the following.
The width W should be set large enough in order to ensure an extended bound-
ary. It is necessary to consider the ¯rst Fresnel zone in order to determine W
quantitatively [58]. Let us suppose that T is a transmitting point and R is a re-
ceiving point in Fig. 3.29(a). When the sum of the distance TP and the distance
PR equals the sum of the distance TR and a half of the wavelength ¸, the set of
the points P becomes spheroid with two focal points located at T and R. The ¯rst
Fresnel zone is the inner region of the spheroid. In transmission measurements, the
dimension of the cross section of the medium under test should be larger than that
of the ¯rst Fresnel zone.
We consider the ¯rst Fresnel zone for re°ection measurements. Figure 3.29(b)
shows the ¯rst Fresnel zone, whose focal points are located at T0 and R, for the
re°ection measurement. The point T0 is the mirror image of T with respect to the
re°ection plane. The re°ection surface of the medium should be larger than the
cross section of the ¯rst Fresnel zone cut in the re°ection plane. The ¯rst Fresnel
zone shown in Fig. 3.29 is the inner region of the spheroid that is given by









The cross section of the ¯rst Fresnel zone cut in the re°ection plane becomes largest
when the incident angle is 90±. In this case, the length of the yellow line in Fig. 3.29
equals lmajor. Thus, we should set W larger than lmajor. (If the beam width of
the electromagnetic wave is smaller than lmajor, the condition W > lmajor does not
have to be satis¯ed.) When r = 38:4 cm and ¸ = 15 cm, which corresponds to the
wavelength of 2:0GHz (lower limit of the operating frequency in our measurement
system), lmajor equals 84:3 cm. Therefore, W should be larger than 84:3 cm.



















Figure 3.29: First Fresnel zones for (a) transmission and (b) re°ection mea-
surements. T is a transmitting point and R is a receiving point. P satis¯es
r1 + r2 = (¸=2) + 2r. The yellow line represents the cross section of the ¯rst
Fresnel zone cut in the re°ection plane.
Network analyzer
The same network analyzer as that used in Sec. 3.2 was used as the microwave
generator and detector. The network analyzer supplied the signal to the transmit-
ting horn antenna and detected the signal from the receiving horn antenna.
3.3.2 Method
Measurement of transmissivity for normal incidence
The two horn antennas were set opposite to each other. First, a transmission re-
sponse of the empty space was measured and the measured response was regarded as
complete transmission. Next, the SRR array was placed between the two antennas
and a transmission response of the SRR array was measured. The transmissivity
of the SRR array was calculated by dividing the transmission response of the SRR
array by that of the empty space.
Measurement of re°ectivity for various incident angles
The direction of the receiving horn antenna was always set such that a plane
wave re°ected with a re°ection angle equal to the incident angle was detected. First,
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Figure 3.30: Transmission spectrum of the SRR array.
a re°ection characteristic of a brass plate was measured and the measured response
was regarded as perfect re°ection. Then, a re°ection response of the SRR array
was measured. The re°ectivity of the SRR array was determined by calculating the
ratio of the re°ection response of the SRR array to that of the brass plate.
3.3.3 Results
Transmission spectrum
The measured transmission spectrum of the SRR array is shown in Fig. 3.30.
There is a depression in the transmission spectrum. This implies that the reso-
nance of the SRR array is observed. The transmissivity is less than ¡40 dB in the
range from 2:50GHz to 2:80GHz. We regard the resonance frequency as 2:65GHz
that is the center value between 2:50GHz and 2:80GHz. The measured resonance
frequency is the same as those of SRR arrays 3 and 4 in Sec. 3.2.
Dependence of re°ectivity on incident angle
Figure 3.31 shows the measured re°ectivities of the SRR array as a function of
the incident angle µ for two distinct frequencies: 2:5845GHz and 2:6001GHz.
In the case of f = 2:5845GHz shown in Fig. 3.31(a), the re°ectivity decreases


































 (a)  (b)
Figure 3.31: Re°ectivities of the SRR array versus the incident angle µ in the cases
of (a) f = 2:5845GHz and (b) f = 2:6001GHz.
by more than 40 dB compared with the case of perfect re°ection in the vicinity
of µ = 59±. This indicates that Brewster's e®ect for TE waves is observed. The
incident angle µ = 59± where the minimum re°ectivity is achieved corresponds to
the Brewster angle.
In the case of f = 2:6001GHz shown in Fig. 3.31(b), the re°ectivity decreases
by more than 27 dB in the vicinity of µ = 60±, which corresponds to the Brewster
angle for TE waves. Compared with the case of f = 2:5845GHz, the re°ectivity
gently decreases in the vicinity of the Brewster angle. This is because the loss of
the SRR array comes to maximum at the resonance frequency f = 2:65GHz, or the
loss of the SRR array at f = 2:6001GHz is larger than that of f = 2:5845GHz.
Brewster angle
The measured Brewster angles as a function of the frequency are plotted as red
circles in Fig. 3.32. Note that the Brewster angles could be determined only in a
limited region just below the resonance frequency. The frequency bandwidth where
the Brewster angles could be observed is about 100MHz, which corresponds to the
fractional bandwidth of 4:2%. The measured Brewster angles increase with the
frequency in this region.

























Figure 3.32: Measured (red circles) and calculated (green curve) Brewster angles
versus frequency.
3.3.4 Discussion
In order to con¯rm the reliability of the experiments, we calculated the frequency
dependence of the Brewster angles for TE waves from Eq. (3.19) by assuming
"r(f) = 1; (3.99)
¹r(f) = 1¡ F
f 2 + i°f ¡ f 20
; (3.100)
where f0 = 2:65GHz is the resonance frequency that is determined by the transmis-
sion measurement, and F and ° are the ¯tting parameters. The validity of this as-
sumption is guaranteed by the results of Sec. 3.2. By ¯tting the calculated Brewster
angles to the experimental results, we ¯xed the parameters F and °. The calcu-
lated angles are shown as the green curve in Fig. 3.32. It increases with frequency in
the region where the Brewster angles can be determined; this is in agreement with
the experimental results. The agreement indicates that the measurements we per-
formed are reliable. The ¯tting parameters, F and °, are 0:6 (GHz)2 and 0:052GHz,
respectively. In Fig. 3.33, we plot ¹r(f) in Eq. (3.100) using the obtained ¯tting pa-
rameters.
As previously discussed in Sec. 3.2, the Brewster angles can be observed only in a
limited frequency region. We note that in actual experiments, the re°ectivity varies

















Figure 3.33: Relative permeability ¹r of the SRR array, which is obtained by the
¯tting, as a function of frequency.
somewhat erratically due to the interference of spurious waves or other reasons, and
the dip in re°ectivity can be detected only for the cases where Rmin=R0 is su±ciently
small. In the other on-resonance frequency regions, Rmin cannot be su±ciently small
due to the absorption losses. On the other hand, R0 reduces in the o®-resonance
regions. We could observe Brewster's e®ect in broader frequency regions if we use
antennas that have better directivity than horn antenna, such as lens antenna [43].
3.4 Summary
We observed Brewster's no-re°ection e®ect for TE waves, which had previously
never been observed for normal dielectric media. It was found that a medium having
¹r 6= 1 is necessary for observing TE Brewster's e®ect. A metamaterial composed of
SRRs was used in order to achieve a magnetic medium at the microwave frequencies.
The FDTD simulation showed that the TE Brewster e®ect could be easily observed
in the narrow frequency region just below the resonance frequency of the SRR array.
The reliability of the simulation was con¯rmed by experimentally investigating the
properties of the single SRR and the SRR array. We measured the incident angle
dependence of the re°ectivity at the boundary between air and the SRR array and
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were successful in observing Brewster's e®ect for TE waves.
This is a good example of the use of metamaterials. In terms of the parameter
space ("r; ¹r), by introducing metamaterials, the rigid condition of "r > 0, ¹r = 1
can be eliminated. The restrictions "r > 0 and ¹r > 0 can also be eliminated.
The working range of metamaterials presently extends from the microwave to
the terahertz or even to the optical regions. In the near future, we may be able
to fabricate a Brewster window for TE light. In fact, the TE Brewster e®ect for
visible light has been observed [59] after our work.

Chapter 4
No-re°ection conditions for chiral
metamaterials
In the previous chapter, we described that Brewster's e®ect is observed for
TE waves as well as TM waves when we control both permittivity and perme-
ability. In addition to the permittivity and permeability, chirality parameter and
non-reciprocity parameter can be controlled using metamaterials. It is also possible
to control the anisotropy in electromagnetic responses. Therefore, the no-re°ection
condition for generalized media should be explored in order to develop novel de-
vices for re°ection control of electromagnetic waves. Brewster's condition has been
studied for anisotropic media [29{32], chiral media (bi-isotropic media) [33, 34],
and bi-anisotropic media [35]. However, thus far, the explicit relation among the
medium parameters for achieving non-re°ectivity in chiral and bi-anisotropic me-
dia have not been determined. The purpose of this study is to derive the explicit
relation among the permittivity, permeability, and chirality parameter of the chiral
medium that satisfy the no-re°ection condition for a planar interface between a
vacuum and the chiral medium.
The no-re°ection condition is derived from the vanishing eigenvalue condition of
the re°ection Jones matrix. The analysis can be largely simpli¯ed by decomposing
the re°ection Jones matrix into the unit and Pauli matrices [60].
We ¯nd that in general chiral media, the no-re°ection condition is satis¯ed by el-
liptically polarized (EP) incident waves for at most one particular angle of incidence.
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This is merely a natural extension of the usual Brewster e®ect for achiral (nonchiral)
media. When the wave impedance and the absolute value of the wavenumber in the
chiral medium equal those in vacuum for one of the CP waves, the corresponding
CP wave is transmitted to the medium without re°ection for all angles of incidence.
This phenomenon is quite di®erent from the no-re°ection e®ects for linearly polar-
ized waves in achiral media and for elliptically polarized waves in chiral media. The
no-re°ection e®ect for chiral nihility media resembles that for achiral media.
We provide an FDTD analysis of the no-re°ection e®ect for CP waves. We an-
alyze the scatterings of electromagnetic waves by a cylinder and a triangular prism
made of a chiral medium whose medium parameters satisfy the no-re°ection condi-
tion for one of the CP waves. The simulation demonstrates that the corresponding
CP wave is not scattered and the other CP wave is largely scattered. We show that
a circular polarizing beam splitter can be achieved by utilizing the no-re°ection
e®ect.
We propose a structure of an isotropic chiral metamaterial in which the no-
re°ection e®ects for EP and CP waves could be observed. The metamaterial is
composed of three-dimensionally arranged metal helices. We consider structural
conditions that are required to be satis¯ed in the metamaterial having isotropy and
chirality.
4.1 Re°ection and transmission for chiral media
We derive the re°ectivity and transmissivity at the boundary between a vacuum
and an isotropic chiral medium [33]. The constitutive equations for chiral media
are shown in Eqs. (2.31) and (2.32). The wavenumber and wave impedance in chiral
media are given by Eqs. (2.42) and (2.39).
As shown in Fig. 4.1, suppose that a monochromatic plane electromagnetic wave
is incident from the vacuum on the chiral medium at an incident angle of µ. The
electromagnetic ¯elds of the incident (i), re°ected (r), and transmitted (t) waves
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Figure 4.1: Geometry of coordinate system. Incident, re°ected, and transmitted
waves are denoted by subscripts i, r, and t. Region x < 0 represents a vacuum, and
region x ¸ 0 represents the chiral medium.
are written as the following equations:
Ei = E1 exp [ik0(x cos µ ¡ y sin µ)]; (4.1)
H i =H1 exp [ik0(x cos µ ¡ y sin µ)]; (4.2)
Er = E2 exp [ik0(¡x cos µ ¡ y sin µ)]; (4.3)
H r =H2 exp [ik0(¡x cos µ ¡ y sin µ)]; (4.4)
Et = E3 exp [ik+(x cos µ+ ¡ y sin µ+)] +E4 exp [ik¡(x cos µ¡ ¡ y sin µ¡)]; (4.5)
H t =H3 exp [ik+(x cos µ+ ¡ y sin µ+)] +H4 exp [ik¡(x cos µ¡ ¡ y sin µ¡)]; (4.6)
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where the common time-harmonic factor exp (¡i!t) is omitted for simplicity and
E1 = Ei?ez + Eik(cos µey + sin µex); (4.7)
H1 = Z
¡1
0 [Eikez ¡ Ei?(cos µey + sin µex)]; (4.8)
E2 = Er?ez + Erk(¡ cos µey + sin µex); (4.9)
H2 = Z
¡1
0 [Erkez + Er?(cos µey ¡ sin µex)]; (4.10)
E3 = Et+[i(cos µ+ey + sin µ+ex) + ez]; (4.11)
H3 = Et+Z
¡1
c [¡(cos µ+ey + sin µ+ex) + iez]; (4.12)
E4 = Et¡[¡i(cos µ¡ey + sin µ¡ex) + ez]; (4.13)
H4 = Et¡Z¡1c [¡(cos µ¡ey + sin µ¡ex)¡ iez]: (4.14)
Due to the translational invariance of the interface, Snell's equations:
k0 sin µ = k+ sin µ+ = k¡ sin µ¡; (4.15)
are satis¯ed. From the continuity of the tangential components of the electromag-
netic ¯elds across the boundary, we obtain
Ei? + Er? = Et+ + Et¡; (4.16)
Eik cos µ ¡ Erk cos µ = iEt+ cos µ+ ¡ iEt¡ cos µ¡; (4.17)
Z¡10 (Eik + Erk) = iZ
¡1
c (Et+ ¡ Et¡); (4.18)
Z¡10 (¡Ei? cos µ + Er? cos µ) = ¡Z¡1c (Et+ cos µ+ + Et¡ cos µ¡): (4.19)
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where
R11 =




























2Zc(Zc + Z0) cos µ(cos µ + cos µ+)
¢
; (4.29)
¢ = (Z2c + Z
2
0) cos µ(cos µ+ + cos µ¡) + 2Z0Zc(cos





4.2 Derivation of no-re°ection condition for chi-
ral media
We ¯nd from the result of the previous section that the relation between the














MR = cuI + c2¾2 + c3¾3; (4.33)
cu = 2Z0Zc(cos
2 µ ¡ cos µ+ cos µ¡); (4.34)
c2 = ¡2Z0Zc cos µ(cos µ+ ¡ cos µ¡); (4.35)
c3 = (Z
2
c ¡ Z20) cos µ(cos µ+ + cos µ¡); (4.36)
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The re°ection matrix MR can be rewritten as





3, ¾' = ¾2 sin'+ ¾3 cos', sin' = c2=c', and cos' = c3=c'.
The no-re°ection condition is satis¯ed when MR has at least one vanishing
eigenvalue, namely, det (MR) = 0 or rank (MR) · 1. For the incident wave with the
corresponding eigenpolarization, the re°ection is nulli¯ed. From Eq. (4.38), we ob-
serve that the eigenvalue problem forMR is reduced to that for ¾'. The eigenvalues
of ¾' are §1 and their corresponding eigenpolarizations are e'+ = cos ('=2)ez +
i sin ('=2)(ex sin µ+ey cos µ) and e'¡ = sin ('=2) ez¡ i cos ('=2)(ex sin µ+ey cos µ).
Therefore, MR has one vanishing eigenvalue when cu = c' 6= 0 (cu = ¡c' 6= 0) is
satis¯ed, and no-re°ection is achieved for the incident wave with the polarization
e'¡ (e'+). When cu = c' = 0, MR becomes zero matrix; no-re°ection is achieved
for arbitrary polarized incident waves.
4.3 Analysis of no-re°ection e®ect for chiral me-
dia
We classify the no-re°ection e®ects into three cases based on the expression of
the re°ection matrix and make detailed analyses of the phenomena.
4.3.1 No-re°ection e®ect for elliptically polarized waves
Conditions » 6= 0, k+ 6= ¡k¡, and Zc 6= Z0 give ' 6= n¼=2 with integer n.
The eigenpolarizations are e'§; hence, the no-re°ection condition can only be sat-
is¯ed for EP waves. The no-re°ection e®ect is observed at a particular incident
angle satisfying cu = §c', which is a natural extension of the usually observed











Figure 4.2: No-re°ection e®ect for EP waves. The incident angle satis¯es cu = §c'.
no-re°ection e®ect, or the Brewster e®ect in achiral media (» = 0). In Fig. 4.2, we
show a schematic of the no-re°ection e®ect for EP waves.
The no-re°ection angles are derived from the zero eigenvalue condition cu = §c'.
The contour lines of the no-re°ection angles are shown in the left panels of Fig. 4.3.
The no-re°ection condition in the case of » = 0 exists in the whole region of the
¯rst and third quadrants of the ("r; ¹r)-plane except "r = ¹
¡1
r 6= §1, as shown
in Fig. 3.2, while in the case of » 6= 0, there is a region where the no-re°ection
condition does not exist, which is represented as the gray region in Fig. 4.3. In
addition, the no-re°ection condition also exists in the second and fourth quadrants,
which correspond to strong chiral media (k+k¡ < 0). The right panels of Fig. 4.3
show the incident polarization for which the no-re°ection condition is satis¯ed.
The polarization is described in terms of the ellipticity ® = arctan (Ek=iE?). The
condition ® > 0 (® < 0) denotes left (right) elliptically polarized wave and j®j = 90±
(j®j = 0) corresponds to TM (TE) waves. When j®j > 45± (j®j < 45±), major axis
of the polarization ellipse is perpendicular (parallel) to ez and minor axis is parallel
(perpendicular) to ez, namely, the no-re°ection condition is satis¯ed for TM-like
(TE-like) EP waves.
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α > 0
Figure 4.3: No-re°ection conditions (a) for »r = »Z0 = 0:2 and (b), (c) for »r = 1:5.
[Note that the scale of (c) is di®erent from other ¯gures.] (left panels); contour
lines of no-re°ection angles. L+ and R+ (L¡ and R¡) represent the no-re°ection
conditions for LCP and RCP waves written in Eq. (4.39) [Eq. (4.40)], respectively.
(right panels); ellipticity ® of incident polarization for which no-re°ection condition
is satis¯ed. Sign of ® is reversed if sign of »r is reversed. No-re°ection conditions
do not exist in gray region.
















Figure 4.4: No-re°ection e®ects for CP waves in the cases of (a) k+ = k0 and (b)
k+ = ¡k0. Non-re°ectivity is achieved for any incident angle.
4.3.2 No-re°ection e®ect for circularly polarized waves
In the case of » 6= 0, k+ 6= ¡k¡, and Zc = Z0, we have MR = cuI + c2¾2.
The eigenpolarizations are [ez § i(ex sin µ + ey cos µ)]=
p
2; hence, the no-re°ection
condition can only be satis¯ed for CP waves. The condition cos µ+ = cos µ (cos µ¡ =
cos µ) is required to satisfy cu = ¡c2 (cu = c2), which is the no-re°ection condition
for LCP (RCP) waves. Note that once jk+j = k0 (jk¡j = k0) is satis¯ed by selecting
the constants of medium, cu = ¡c2 (cu = c2) is satis¯ed for any incident angle. That
is, the no-re°ection condition is satis¯ed for all angles of incidence. This observation
is quite di®erent from the no-re°ection conditions for TM and TE waves in isotropic
achiral media and for EP waves in isotropic chiral media. A qualitatively new mode
of no-re°ection is obtained for LCP (RCP) waves in isotropic chiral media when
the wave impedance matching condition Zc = Z0 and the wavenumber matching
condition jk+j = k0 (jk¡j = k0) are satis¯ed simultaneously. Figure 4.4 shows a
schematic of the no-re°ection e®ect for CP waves.
We derive the explicit relations among the medium parameters for the no-
re°ection condition for CP waves. From the above discussion, both Zc = Z0 and
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jk+j = k0 (jk¡j = k0) are necessary and yield the following relations:
"r = ¡(§»r ¡ 1); ¹r = §1
»r § 1 (from k§ = k0); (4.39)
"r = §»r ¡ 1; ¹r = ¡ §1
»r § 1 (from k§ = ¡k0); (4.40)
where »r = »Z0 is the normalized chirality parameter. The positive (negative) sign
in Eqs. (4.39) and (4.40) indicates the condition for LCP (RCP) waves. Figure
4.5(a) and 4.5(b) [4.5(c) and 4.5(d)] represent the relations among "r, ¹r, and »r
shown in Eq. (4.39) [Eq. (4.40)]. Note that the no-re°ection conditions for CP waves
correspond to the intersections of the contour lines of the no-re°ection angles in
Fig. 4.3. Using the electric susceptibility Âe = "r ¡ 1 and magnetic susceptibility
Âm = 1¡ ¹¡1r , Eqs. (4.39) and (4.40) are reduced to simpler forms:
Âe = Âm = ¨»r; (4.41)
Âe + 2 = Âm ¡ 2 = §»r; (4.42)
respectively, where the upper (lower) sign corresponds to the condition for LCP
(RCP) waves.
We clarify the physical meaning of the no-re°ection e®ect for CP waves by
considering the medium polarization P and magnetization M induced by E and
B in CP waves. For simplicity, assume that the no-re°ection condition is satis¯ed
for LCP waves. P andM are given by P = P E+P B andM =MB+ME, where
P E = ("¡ "0)E, P B = ¡i »B,MB = ¡(¹¡1¡ ¹¡10 )B, andME = i »E [37]. First,
we calculate P andM when Eq. (4.39) is satis¯ed. From the relationH = (i =Zc)E
that is satis¯ed for LCP waves (see Tab. 2.1), and Eqs. (2.31), (2.32), and (4.39),
it is not di±cult to con¯rm that P = 0 and M = 0 are satis¯ed regardless of
the propagation direction. Due to the electromagnetic mixing attributed to », the
polarization P B, which is induced by the magnetic °ux density, completely cancels
out the polarization P E, which is induced by the electric ¯eld. Similarly, ME
cancels outMB. As a result of the destructive interference of electric and magnetic
responses, net polarization and magnetization vanish in the case of LCP waves in
the chiral medium. This implies that the chiral medium is identical to the vacuum
for LCP waves. Next, we calculate P and M when Eq. (4.40) is satis¯ed. By
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Figure 4.5: Relations among "r, ¹r, and »r that satisfy the no-re°ection condition
for CP waves: (a), (b) relations given by Eq. (4.39), and (c), (d) relations given
by Eq. (4.40). Red (blue) solid lines represent the no-re°ection condition for LCP
(RCP) waves. Dashed lines are projections of solid lines on each plane. Green solid
circles correspond to (b) vacuum and (c) anti-vacuum.
applying a similar procedure, we obtain P = ¡2"0E and M = ¡2H , which equal
the corresponding values in an anti-vacuum. Therefore, the chiral medium behaves
as an anti-vacuum for LCP waves.
4.3.3 No-re°ection e®ect for linearly polarized waves
When » = 0 or k+ = ¡k¡ is satis¯ed, c2 vanishes and the re°ection matrix
becomes MR = cuI + c3¾3. The eigenpolarizations are ex sin µ + ey cos µ and ez;
therefore, the no-re°ection condition can only be satis¯ed for linearly polarized
waves. The no-re°ection e®ect is observed at a particular incident angle that satis-
¯es cu = §c3. The equation cu = c3 (cu = ¡c3) yields a no-re°ection angle, or the
Brewster angle, for TM (TE) waves.
The condition » = 0 implies that the medium is achiral. We have already




















Figure 4.6: No-re°ection e®ect for chiral nihility media. (a) In the case of Zr 6= 1
and n 6= §1, no-re°ection e®ect arises for TM (TE) waves at the incident angle that
satis¯es cu = c3 (cu = ¡c3). (b) In the case of Zr = 1 and n = §1, no-re°ection
e®ect arises for arbitrary polarized waves at all angles of incidence.
analyzed the no-re°ection condition for achiral, or isotropic media in Sec. 3.1. Here,
we analyze the no-re°ection e®ect for the case of k+ = ¡k¡, or chiral nihility
media [62].











(from cu = ¡c3); (4.44)
where Zr = Zc=Z0 and n = k+=k0 = ¡k¡=k0. The no-re°ection e®ect in this case
resembles but is di®erent from that in the achiral case. While the transmitted
wave is a linearly polarized wave in the achiral case, LCP and RCP waves that
satisfy µ+ = ¡µ¡ are transmitted in this case. Equations (4.21) and (4.26)-(4.29)
show that the intensities of the transmitted LCP and RCP waves are equal. Figure
4.6(a) illustrates a schematic of the no-re°ection e®ect for chiral nihility media when
c2 = 0, cu 6= 0, and c3 6= 0, namely Zr 6= 1 and n 6= §1.
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The medium parameters satisfying the no-re°ection condition are derived from
("r + ¹r»
2
r )¹r = 0; (4.45)
Z2r ("r + ¹r»
2
r ) = ¹r; (4.46)
¹r»r = §n: (4.47)
Equation (4.45) is the condition for chiral nihility (k+ = ¡k¡), and Eqs. (4.46) and
(4.47) are the conditions for the wave impedance and wavenumber. To satisfy these
equations at a particular angular frequency !0, the medium parameters need to be









¹r(!) = nZrf(! ¡ !0);
»r(!) = § 1
Zrf(! ¡ !0) ;
9>>>>>>=>>>>>>;
(4.48)
where the function f satis¯es lim
!!!0
f(! ¡ !0) = 0.
When Zr = 1 and n = §1, namely, Zc = Z0 and jk§j = k0 are satis¯ed, the
re°ection matrix MR becomes a zero matrix. Since the conditions Zc = Z0 and
jk§j = k0 are independent of the incident angle, MR becomes a zero matrix for
all angles of incidence; arbitrary polarized waves are not re°ected for any incident
angle. Figure 4.6(b) shows a schematic of the no-re°ection e®ect. This phenomenon
has been con¯rmed by numerically calculating the re°ectivity when Zc = Z0 and
jk§j ¼ k0 are satis¯ed [63].
We consider the physical meaning of Eq. (4.48) when both Zr = 1 and n = §1 are
satis¯ed. For simplicity, suppose that ("r; ¹r; »r) = [f(!¡ !0)¡ f(!¡!0)¡1; f(!¡
!0); f(! ¡ !0)¡1] are satis¯ed in this paragraph. The medium polarization and
magnetization are found to be P = "0f(!¡ !0)E ! 0 andM = f(!¡ !0)H ! 0
for LCP waves and P = "0[f(!¡!0)¡2]E ! ¡2"0E andM = [f(!¡!0)¡2]H !
¡2H for RCP waves when ! ! !0. This implies that the medium behaves as a
vacuum for LCP waves and as an anti-vacuum for RCP waves.
The no-re°ection condition in the case of Zc = Z0 and jk§j = k0 can be regarded
as the case of j»rj ! 1 in Eqs. (4.39) and (4.40). From Eqs. (4.39) and (4.40),
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we ¯nd that the vacuum condition for LCP (RCP) waves and the anti-vacuum
condition for RCP (LCP) waves can be simultaneously satis¯ed when j»rj ! 1. In
other words, the points represented by L+ and R¡ (L¡ and R+) in Fig. 4.3 approach
each other with increasing j»rj and the two points become identical in the case of
j»rj ! 1.
4.4 FDTD analysis of no-re°ection e®ect for CP
waves
We focus on the no-re°ection e®ect for CP waves and analyze the no-re°ection
e®ect by an FDTD method. Here, the parameters of the chiral medium are set as
"r = 0:75, ¹r = 0:8, and »r = 0:25, which give Zc = Z0, k+ = k0, and k¡ = 0:6k0.
That is, the no-re°ection condition (vacuum condition) is satis¯ed for LCP waves.
To adopt the two-dimensional FDTD method, Maxwell's equations for CP waves
are rearranged as follows:
@Ez§
@y
= i!(¹§ ¹»Zc)Hx§; (4.49)
¡@Ez§
@x











where the relation H = §(i =Zc)E is used and the positive (negative) sign corre-
sponds to LCP (RCP) waves. Section 4.3.2 and Eqs. (4.21) and (4.26)-(4.29) show
that the incident CP wave is not converted into the other CP wave on the re°ection
and refraction because the wave impedance matching condition Zc = Z0 is satis¯ed
in this case. Thus, we may separately analyze the propagations of LCP and RCP
waves.
We set the dimension of the simulation region to 40¸£ 40¸. The unit cell size
¢x£¢y is (¸=15)£ (¸=15) and the time step size is 0:30¢x=c0. The second Mur
absorbing boundary condition is applied to the outside boundaries. A Gaussian
beam with a beamwidth of 8:4¸ is used as an input electromagnetic wave.



























































































































Figure 4.7: Scattering of electromagnetic waves by cylindrical chiral medium when
diameter of chiral medium is (a) smaller and (b) larger than beamwidth of electro-
magnetic wave. Left panels show propagations of LCP waves and right panels show
those of RCP waves.
First, we compute the scattering of electromagnetic waves by a cylinder made
of the chiral medium. Figure 4.7 shows the propagations of electromagnetic waves
when the diameter of the cylindrical chiral medium is smaller (diameter: 6:7¸) and
larger (diameter: 26:7¸) than the beamwidth of the electromagnetic waves. One
sees that LCP waves propagate with no scattering, and RCP waves are largely
scattered.
Next, we analyze the propagation of electromagnetic waves when they are in-
cident on a triangular prism made of the chiral medium. For k¡ = 0:6k0, Snell's
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Figure 4.8: Circular polarizing beam splitter. Incident angle is (a) 26:5±, (b) 45±,
and (c) 63:5±. (left panels) Propagations of LCP waves and (right panels) of RCP
waves.
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equation for RCP waves is expressed as sin µ = 0:6 sin µ¡; hence, the critical angle
for RCP waves is µc = arcsin (0:6) ' 37±. Therefore, LCP waves are completely
transmitted without any re°ection, while RCP waves are totally re°ected with the
incident angle greater than 37±. This implies that we can divide the incident waves
into LCP and RCP waves. That is, the prism can be utilized as a circular polariz-
ing beam splitter. The left (right) panels of Fig. 4.8 show the propagations of LCP
(RCP) waves. Simulations are performed for three incident angles: 26:5±, 45±, and
63:5±. The LCP wave is transmitted straight through the chiral medium without
re°ection for any incident angle. Although the RCP wave is partially re°ected and
partially transmitted in the case of µ < µc, it is totally re°ected at the surface of
the chiral medium when µ > µc. This result con¯rms that the incident wave can
be split into LCP and RCP waves, and circular polarizing beam splitter is achieved
when the incident angle exceeds µc.
4.5 Design of three-dimensional isotropic chiral
metamaterial
Isotropic chiral media can be realized by arranging chiral meta-atoms [64{69]
isotropically and by electromagnetically induced chirality in atomic systems [70,71].
For the ease of experimental implementation, we consider how to fabricate isotropic
chiral media using metamaterials.
We propose a metamaterial shown in Fig. 4.9(a) as an arti¯cial isotropic chiral
medium. Figure 4.9(b) shows a constituent, which is made of metal, of the proposed
chiral metamaterial. The constituent is not identical to its mirror image and thus
exhibits chirality. In addition, it has four-fold rotational symmetry along the z-axis.
This indicates that the helix structure can be a constituent of isotropic metama-
terials. The pitch p of the helix must be smaller than a half of the wavelength of
electromagnetic waves so that the helix structure behaves as a meta-atom.1 The
metamaterial shown in Fig. 4.9(a) consists of three-dimensionally arranged helix
structures shown in Fig. 4.9(b). Since the axes of the helices are directed to three
distinct orthogonal directions, the metamaterial behaves as an isotropic medium.







Figure 4.9: Schematic of an isotropic chiral metamaterial. (a) Three-dimensional
isotropic chiral structure and (b) its constituent. The color coding serves as a guide
to the eye.
The period a of the structure must be smaller than a half of the wavelength so that
the metamaterial can be regarded as a continuous medium.1
The proposed metamaterial could be fabricated, for example, by using printed
circuit boards in the microwave region and by means of three-dimensional direct
laser writing [72,73] in the infrared region.
4.6 Summary
We studied the no-re°ection conditions for a planar boundary between a vacuum
and a chiral medium. The comparison of the no-re°ection conditions for achiral and
chiral media is shown in Tab. 4.1. While the no-re°ection e®ect arises for TM and
TE waves in the case of achiral media (» = 0), it arises for EP waves in the case
1If the pitch p of the helix and the period a of the metamaterial are smaller than a half of
the wavelength, the di®raction does not occur. This implies that the metamaterial acts as a
homogeneous medium.
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of chiral media (» 6= 0) whose wave impedances do not equal the vacuum wave
impedance. These no-re°ection conditions are satis¯ed for a particular incident
angle. When the wave impedance and the absolute value of the wavenumber in the
chiral medium equal those in the vacuum for one of the CP waves, the corresponding
CP wave is transmitted with no-re°ection for all angles of incidence. Although the
no-re°ection e®ect for chiral nihility media resembles that for achiral media, the
two cases of the no-re°ection e®ect are di®erent from each other in the transmitted
waves.
We analyzed the no-re°ection e®ect for CP waves by an FDTD method. The
simulation results showed that a chiral medium, whose medium parameters satisfy
the no-re°ection e®ect for one of the CP waves, does not scatter the correspond-
ing CP wave and it largely scatters the other CP wave. The FDTD simulation
also demonstrated that a circular polarizing beam splitter can be achieved by a
triangular prism made of the chiral medium.
We proposed the structure of a three-dimensional isotropic chiral metamate-
rial. The metamaterial is composed of three-dimensionally arranged metal helix
structures that have four-fold rotational symmetry along the helix axes. The chi-
ral metamaterial could be fabricated in the microwave and infrared regions using
state-of-the-art technology.
For future studies, we must prepare metamaterials whose "r, ¹r, and »r satisfy
the no-re°ection conditions for EP and CP waves.


















































































































































































































































































































































5.1 Summary of this study
We have studied Brewster's no-re°ection phenomena for isotropic and chiral
metamaterials.
In Chap. 2, we showed the method for calculating the wavenumber and wave
impedance that can be applied to metamaterials where medium parameters be-
come complex values as well as real positive values. The wavenumber and wave
impedance can be determined unambiguously by considering the relations between
the direction of the power °ow and the real part of the wave impedance and be-
tween the wavenumber and wave impedance. We clari¯ed the relation among the
electromagnetic ¯elds, wavenumber, and wave impedance for each eigenmode from
the diagonalized Maxwell equation. The calculation method can also be applied
to generalized media having anisotropy and non-reciprocity, namely, bi-anisotropic
media.
In Chap. 3, we demonstrated Brewster's e®ect for TE waves in a magnetic meta-
material. An array of SRRs was used for the experiment as a magnetic metama-
terial. The FDTD simulation showed that the TE Brewster e®ect could be easily
observed in the narrow frequency region just below the resonance frequency of the
SRR array. The reliability of the simulation was con¯rmed by experimentally ex-
amining the properties of the single SRR and the SRR array. We measured the
incident angle dependence of the re°ectivity at the boundary between air and the
97
98 Chapter 5 Conclusion
SRR array and were successful in observing Brewster's e®ect for TE waves.
In Chap. 4, we studied the no-re°ection conditions for a planar interface between
a vacuum and a chiral medium. While the no-re°ection e®ect arises for TM and
TE waves in the case of achiral media, it arises for EP waves in the case of chiral
media whose wave impedances do not equal the vacuum wave impedance. These
no-re°ection conditions are satis¯ed for a particular incident angle. When the wave
impedance and the absolute value of the wavenumber in the chiral medium equal
those in a vacuum for one of the CP waves, the corresponding CP wave is transmit-
ted with no re°ection for all angles of incidence. The no-re°ection e®ect for chiral
nihility media resembles but is di®erent from that for achiral media. The two cases
of the no-re°ection e®ect are di®erent from each other in terms of the transmitted
waves. We analyzed the no-re°ection e®ect for CP waves by an FDTD method.
We con¯rmed that the one of the CP waves, for which the no-re°ection condition
is satis¯ed, propagates straight through the chiral medium and the other CP wave
is largely scattered by the chiral medium. The FDTD analysis demonstrated that
the no-re°ection e®ect for CP waves can be utilized as a circular polarizing beam
splitter. We presented a discussion on the structure of three-dimensional isotropic
chiral metamaterials that are necessary to achieve the no-re°ection e®ects for EP
and CP waves. The chiral metamaterial could be fabricated by three-dimensionally
arranging metal helices that have four-fold rotational symmetry along the helix axes
with state-of-the-art technology.
5.2 Future prospects
For future studies of Brewster's no-re°ection phenomena, we must fabricate a
three-dimensional isotropic chiral metamaterial whose "r, ¹r, and »r satisfy the no-
re°ection conditions for EP and CP waves. In addition to experimentally verifying
the no-re°ection e®ects in the microwave region, we need to fabricate the chiral
metamaterials in the terahertz and optical regions where there might be many
applications of the no-re°ection phenomena.
We summarize phenomena that have been achieved by utilizing metamaterials
as shown in Fig. 5.1 in order to discuss future prospects of the study of metamate-



















Figure 5.1: Classi¯cation of phenomena that have been achieved by utilizing
metamaterials whose electromagnetic responses are linear and time-invariant.
EM, electromagnetic; ENZ, epsilon-near-zero; EIT, electromagnetically-induced-
transparency.
rials. Here we list only phenomena that can be achieved by metamaterials whose
electromagnetic responses are linear and time-invariant. The red, blue, and purple
regions represent wavenumber control, wave impedance control, and simultaneous
control of wavenumber and wave impedance, respectively. Each region is classi-
¯ed into three categories: controls for monochromatic, quasi-monochromatic, and
broadband electromagnetic waves. A negative refractive index medium [3, 4, 14], a
hyperlens [7, 8], and an epsilon-near-zero medium [74{76] are listed as examples of
the wavenumber control for a monochromatic electromagnetic wave. As examples
of the wave impedance control for a monochromatic electromagnetic wave, we list
a high impedance surface [77] and an electromagnetic wave absorber [78, 79]. A
perfect lens [5, 6] and transformation optics [9, 11, 16] are examples of simultane-
ous control of the wavenumber and wave impedance. Our study [42, 60], namely
Brewster's e®ect, is classi¯ed into this category, too. For a quasi-monochromatic
electromagnetic wave, the wavenumber controls are carried out and negative group
velocity [80] and an electromagnetically-induced-transparency-like medium [81{83]
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are achieved. In these studies, a di®erentiation of the wavenumber with respect to
the frequency of the electromagnetic wave is controlled. For a broadband electro-
magnetic wave, thus far, only a broadband circular polarizer is achieved [73].
From Fig. 5.1, one can see that most studies have focused on controlling a
monochromatic electromagnetic wave and that there has been few studies of control-
ling quasi-monochromatic and broadband electromagnetic waves. In particular, the
wave impedance controls for quasi-monochromatic and broadband electromagnetic
waves have not received attention yet. Thus, it is necessary to consider methods for
controlling di®erentiations of the wavenumber and wave impedance with respect to
the frequency and broadband properties of the wavenumber and wave impedance
using metamaterials. Considering novel phenomena that can be achieved by the
metamaterials is also necessary. In addition to the linear response, non-linearity
and time-variant response of metamaterials can be controlled. By utilizing these
°exibilities of electromagnetic responses of metamaterials, we might develop novel
devices for controlling propagation of electromagnetic waves.
Appendix A
Post and Tellegen representations
The Post representation:
D = "PE ¡ i»PB; (A.1)
H = ¹¡1P B ¡ i»PE; (A.2)
and the Tellegen representation:
D = "TE ¡ i·TH ; (A.3)
B = ¹TH + i·TE; (A.4)
are mainly used as the constitutive equations for chiral media [37]. Here "P,T is the
permittivity, ¹P,T is the permeability, and »p and ·T are the chirality parameters.
The subscript P (T) stands for the Post (Tellegen) representation. We derive the
relation between the medium parameters in these two constitutive equations. We
also describe the wavenumber and wave impedance in chiral media using the Post
and Tellegen representations.
By solving Eqs. (A.1) and (A.2) forD andB, we obtain the following equations:
D = ("P + ¹P»
2
P)E ¡ i¹P»PH ; (A.5)
B = ¹PH + i¹P»PE: (A.6)
A comparison between Eqs. (A.3), (A.4) and Eqs. (A.5), (A.6) yields
"T = "P + ¹P»
2
P; ¹T = ¹P; ·T = ¹P»P; (A.7)
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which are the relations between the medium parameters in the Post representation
and that in the Tellegen representation. Note that the de¯nitions of the medium
parameters in the Post and Tellegen representations are di®erent from each other.
As we showed in Sec. 2.2.1, the wavenumber and wave impedance in chiral media
can be calculated by diagonalizing Maxwell's equation. These quantities in the Post





P § ¹P»P) = ![("P + ¹P»2P)Zc § ¹P»P]; (A.8)
= !(
p











where Re (Zc) > 0.
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